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Blanchfield and Seifert algebra in high-dimensional 
boundary link theory I: Algebraic ^-theory 

Andrew Ranicki 
Desmond Sheiham 

The classification of high-dimensional /i -component boundary links motivates 
decomposition theorems for the algebraic -groups of the group ring A[F^] and 
the noncommutative Cohn localization S^'A[F^], for any /i ^ 1 and an arbitrary 
ring A, with the free group on /i generators and S the set of matrices over A[F^] 
which become invertible over A under the augmentation A[F^] — > A. Blanchfield 
A[F^]-modules and Seifert A-modules are abstract algebraic analogues of the 
exteriors and Seifert surfaces of boundary links. Algebraic transversality for 
A [Fp] -module chain complexes is used to establish a long exact sequence relating 
the algebraic /^-groups of the Blanchfield and Seifert modules, and to obtain 
the decompositions of K^,{A[F^]) and A'*(E^'A[Fp]) subject to a stable flatness 
condition on I]^'A[F^] for the higher ^-groups. 

19D50, 57Q45; 20E05 

Desmond Sheiham died 25 March 2005. 
This paper is dedicated to the memory of Paul Cohn and Jerry Levine. 



Introduction 



For any integer /i ^ 1 let be the free group on /i generators Z\,Z2, ■ ■ ■ ,z^- 
The classification theory of high-dimensional //-component boundary links involves 
'Seifert Z-modules' and 'Blanchfield J -modules', corresponding to the algebraic 
invariants obtained from /x -component Seifert surfaces and the boundary link exterior. 
This paper concerns the algebraic relationship between f.g. projective Seifert A-modules 
and h.d. 1 Blanchfield A [F^] -modules for any ring A, extending the work of Sheiham 
[41]. Part I deals with the algebraic /T-theory of the Seifert and Blanchfield modules. 
Part II will deal with the algebraic L-theory of the Seifert and Blanchfield forms, such 
as arises in the computation of the cobordism groups of boundary links. The algebraic 
K- and L-theory in the knot case /U = 1 have already been done by Ranicki [34] . 
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Combinatorial transversality 

Section 1 develops a combinatorial construction of fundamental domains for -covers 
of CW complexes which will serve as a role model for the algebraic transversality of 
A[F^]-module chain complexes in the subsequent sections. The F^-covers p : W— >W 
of a space W are classified by the homotopy classes of maps 

c: W ^BF^ = \IS^ 

with W = c*EF^ the pullback to W of the universal cover of . Let G be 
the point at which the circles are joined, and choose points 1 , 2, . . . , ^ € 5F^\{0} , 
one in each circle. If W is a compact manifold then c is homotopic to a map which is 
transverse regular at { 1 , 2, . . . , /i} C BF^ , so that 

y = c-k{i,2,...,/i}) = Vi u V2U...U c w 

is a disjoint union of /i codimension-1 submanifolds V, = '({/}) C W (which may 
be empty) and cutting at V there is obtained a fundamental domain U G W , & 
compact manifold with boundary 

dU = [_\{ViUziVi). 

i=\ 

If W is connected and : 7ri(W) — > F^ is surjective then U is connected and 
Vi , 1^2) • • • 5 are non-empty, and may be chosen to be connected. In the combinatorial 
version of transversality it is only required that W be a finite CW complex, and W may 
be replaced by a simple homotopy equivalent finite CW complex also denoted by W , 
with disjoint subcomplexes V\,V2, ■ ■ ■ ,Vp^ C W and a fundamental domain U <ZW 
which is a finite subcomplex with a subcomplex 

du = \_\{Vi u ziVi) cu, Vi = un zi^u 

such that 

[j gU = W, gUnhU = unless g-i/t e{l,zi,zi\.. • ,2^,^;'}. 

Ranicki [35] developed combinatorial transversality at Y C X for maps of finite CW 
complexes 

W ^X = XiUyX2 
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with X,Xi,X2,Y connected and 7ri(F) — > 7ri(X[), 7ri(F) — > 7ri(X2) injective. The 
essential difference from [35] is that we are here using the Cayley tree EF^ = 
of Ffj_ rather than the Bass-Serre tree of the amalgamated free product given by the 
Seifert-van Kampen Theorem 

TTiiX) = 7ri(Xi) *^,(7) 7ri(X2) 

for bookkeeping purposes. We show that W can be replaced by a simple homotopy 
equivalent finite CW complex W with disjoint subcomplexes Vi,V2, ■ ■ ■ C W, such 
that the -cover W can be constructed from a fundamental domain finite subcomplex 
U CW obtained by cutting W at V = Vi U V2 U . . . U C 

Algebraic transversality 

Let A be an associative ring with 1. All A -modules will be understood to be left 
A-modules, unless a right A-module structure is specified. 

Section 2 develops an 'algebraic transversality' technique for cutting A[F^] -modules 
along A-modules, which mimics the geometric transversality method of Section 1. In 
Section 2 we shall prove: 

Theorem A Every A[F^] -module chain complex E admits a 'Mayer-Vietoris presen- 
tation ' 

C(')[F^] D[F^] ^ E 

(=1 

with C^'\D A-module chain complexes, and/ = {f^z\ —f{~ ■ ■ -ff^z^ ~//7) defined 
using A-module chain maps f^^ : C^'^ —^D. If E is a f.g. free A[F^] -module chain 
complex then C'-'^ , D can he chosen to he f.g. free A -module chain complexes, with 
DCE andf,+ ,fr : c^') =Dn z^'D ^ D given byf,+{x) = x,fr{x) = ZiX. 

Remark For /i = 1 Theorem A was first proved by Waldhausen [47], being the 
chain complex version of the Higman linearization trick for matrices with entries in 
the Laurent polynomial extension A[Fi] = A[z,z~']. The algebraic transversality 
theory of [47] applies to chain complexes over the group rings A[G\ *h G2] of injective 
amalgamated free products Gi *h G2, using the Bass-Serre theory of groups acting 
on trees. In principle. Theorem A for fi ^ 2 could be proved by applying [47] to the 
successive free products in 

F^i =Fi* F^-i =Fi* {Fi * = ■ ■ ■ = Fi *{Fi *{Fi * ■ ■ ■ * (Fi))) 
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but this would be quite awkward in practice. In view of both the geometric motivation 
and the algebraic applications it is better to prove Theorem A (as will be done in 
Section 2) using the Cayley tree of with respect to the generator set {z\,Z2: ■ ■ ■ , Z/^} ■ 

Boundary links 

A //-component link is a (locally flat, oriented) embedding 

Every hnk admits a Seifert surface c 5"^^, a codimension-1 submanifold with 
boundary 

By definition, ^ is a ji-component boundary link if there exists a //-component Seifert 
surface 

= Vi u V2 u . . . u c 5"+^ 

The exterior of a link £ is the («+2)-dimensional manifold with boundary 

In particular, a knot S" C 5"^^ is a 1-component boundary link. 
The trivial //-component boundary link 

is defined by the connected sum of fi copies of the trivial knot 

S" C {S" X D^) U (D"+' X S^) = 

so that 

has Seifert surface and exterior 

Vo = [_\d"+\ Wq = #(D"+' X S^) C S"+\ 



The exterior Wo has the homotopy type of \/^ V V^-i "^"^^ > with 7ri(Wo) = . 
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We shall make much use of the fact that the universal cover of BF^ = \/^ is the 
contractible space with free -action defined by the Cay ley tree EF^ = of 
with vertices g G /^^j and edges {g,gZi) (g £ F^, 1 ^ / ^ /z). The cellular chain 
complex C(EF^) = C{G^) is the standard 1-dimensional f.g. free -module 
resolution of Z 

Ci(G^) = Z[F^] ^ Co(G^) = Z[F^] ^ z , 

i=l 

the Mayer- Vietoris presentation with d = (z\ — I Z2 — ^ • • • Z/^ — 1)- 
The exterior W of an n-dimensional link £ : \_\^ S" C S"'^^ is homotopy equivalent to 



the complement S"+\l{l\^ S") , so that 
H^iW) =HJs"+^\e(\JS'' 



by Alexander duality. The homology groups //*(VK), //*(VKo) are thus the same: 

^ if r = 



Hr{W) = HriWo) 



Z if r = 1 
Z if r = « + 1 
otherwise. 



The homotopy groups 7r*(l¥), 7r*(Wo) are in general not the same, on account of linking. 
By Smythe [43] and Gutierrez [22] £ is a boundary link if and only if there exists a surjec- 
tion 7ri{W) —>■ 7ri(iyo) = F^ sending the meridians m\,m2, . . . , : <ZW around 
the /X components £i , ^2, • • • , ^/x : •5" C 5"+^ of I to the generators Zi , Z2, • • • , Z/x ^ • 
We shall only be considering boundary links I with a particular choice of such a 
surjection 7ri(l¥) F^, the F^-links of Cappell and Shaneson [9]. For any such £ 
there exists a map c : ^ Wo which induces a surjection c=k : iriiW) —>■ iti{Wo) and 
isomorphisms c* : = //=k(M^o)- Let W = c*Wo be the pullback F^-cover of 

W, with a f.g. free Z[F^] -module cellular chain complex C{W). An F^-equivariant 
lift c : W — > IVo of c induces a Z[F^]-module chain map c: C{W) — > C(Wo) and 
a Z-module chain equivalence c: C{W) —>■ C(Wo). A //-component Seifert surface 

V = Vi U V2 U . . . U C for ^ has a neighbourhood V x [-1, 1] C with 

V = V X {0}. The F^ -cover can be constructed from F^ copies of glued 
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together using the inclusions : V,- S"^'^\V defined by 

ftivi) = {Vi, ±1) G y X [-1, 1] C 
It follows that C{W) has a f.g. free Z[F^]-module Mayer- Vietoris presentation 

0^ 0aVO[fM] ^ C(5"+2\V)[F^] C{W) -^0 

i=l 

With/ =f+z -f- = {f+Zi -/f . . . f+z^ -/-). 
Seifert and Blanchfield modules 

There are four fundamental notions in our abstract version for any ring A of the Seifert 
and Blanchfield modules of /i -component boundary links: 

(i) A Seifert A-module is a triple 

(/", e, {vr,}) = ( A-module, endomorphism, {vr,}) 

where {vr,- : P ^ P} is a system of idempotents expressing P as a /i-fold direct 
sum, with 

nr. P = Pl®P2®■■■®P^,^ P\ 

(xi,X2, . . . ,x^) 1-^ (0, . . . ,0,x,-,0, ... ,0). 

Let Seioo{A) be the category of Seifert A-modules. A Seifert A-module 
(P, e, {vr,}) is, f.g. projective if P is a f.g. projective A-module. Let Sei{A) C 
5eioo(A) be the full subcategory of the f.g. projective Seifert A-modules. 

(ii) A Blanchfield A[F^]-module M is an A[P^]-module such that 

ToTf^''\A,M) = 0, 

regarding A as a right A [F^] -module via the augmentation map 

e: A[F^J ^A; z,- ^ 1. 

Let BlaooiA) be the category of Blanchfield A [F^] -modules. In Section 3.2 
Blanchfield A [F^] -modules will be identified with the F^-link modules in the 
sense of Sheiham [41], that is A[F^]-modules M which admit an A[F^] -module 
presentation 

P[Pm] QVPtA M 
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for A-modules P, Q with the augmentation e{d) : P — > Q an A-module isomor- 
phism. Thus BlttooiA) is just the F^-link module category TlkoaiA) of [41]. A 
Blanchfield A [F^] -module M has homological dimension 1 (or h.d. 1 for short) 
if it has a 1-dimensional f.g. projective A[F^] -module resolution 

^K-^L ^0 

with (necessarily) e{d) = I (E) d: A ®A[f^] K ^ A ®a[f^] L an A-module 
isomorphism. Let Bla(A) C BlaodA) be the full subcategory of the h.d. 1 
Blanchfield A[F^] -modules. Let !Flk{A) C Bla{A) be the full subcategory 
of the h.d. 1 Blanchfield modules M which admit a 1-dimensional induced 
f.g. projective A[F^] -module resolution 

PVF^^ Q[F^] ^ M 

with P, Q f.g. projective A-modules. As in [41] the objects of Tlk{A) will be 
called /j. J. 1 F^— link modules. 

(iii) The covering of a Seifert A-module (P, e, {vr,}) is the Blanchfield A[F^] -module 

B(P, e, {vr,}) = coker(l - e + ez.: PVF^] ^ P[_F^]) 

with z= • P[F^] P[Ffj,] , defining functors 

1=1 

Boo : SeiooiA) BlaodA), B : cSei(A) J'lkiA). 

(iv) A Seifert A-module (P, e, {vr,}) is primitive if B(P, e, {vr,}) = 0. Let 

VrimociA) = ker(Boo : SeiodA) BlaodA)) 

be the full subcategory of SeiodA) with objects the primitive Seifert A-modules, 
and let 

Vrim{A) = ker(B: Sei{A) Tlk{A)) C Sei(A) 

be the full subcategory of Sei{A) with objects the primitive f.g. projective Seifert 
A-modules. 

Simple boundary links 

The motivational examples of f.g. projective Seifert Z-modules and h.d. 1 F^-link 
Z[F^]-modules come from the (2^—1) -dimensional ^-component boundary links 
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e : S^'i-^ C 52?+! which are simple, meaning that the exterior W has homotopy 
groups 

f F if r = 1 

TTriW) = { ^ 

yO if2^r^^-l, 

so that the universal cover W is (^—1) -connected. These conditions are equivalent to 
the existence of a ^-component Seifert surface V = Vi U V2 U • • • U with each 
component V, (^—1) -connected: 

7r,(l/,) = (1 ^ / ^ ^, 1 ^ r ^ g - 1). 

The homology of the Seifert surface defines a f.g. projective (actually f.g. free) Seifert 
Z -module (f , {vr,}), with 

7r, = 0©---©0©leOe---©0:P = ^Hq{Vi) ^ P = 0//^(vo 

j=l i=\ 

and 



e = (ftfi ■ ■ -ft:) ■ P = HgiV) = 0//,(VO 

i=l 

the endomorphism induced by the inclusions /j"*' : V,- S'^^^^\V , identifying 

by Alexander duality and W{V) = Hq(V) by Poincare duality. The covering of 
(P, e, {vr,}) is the h.d. 1 f ^-link -module 

B{P,e,{Tri}) = Hq{W) 

defined by the homology of the f ^-cover W of the exterior W. The f.g. projective 
Seifert Z-module (P, e, {vr,}) is primitive if and only if Hq{W) = 0; for ^ ^ 2 this is 
the case if and only if £ is unlinked (Gutierrez [22]). 



Blanchfield = Seifert/primitive 

Section 3 uses algebraic transversality to prove that every h.d. 1 F^-link module 
M is isomorphic to the covering B{P, e, {vr,}) of a f.g. projective Seifert A-module 
(P, e, {vr,}) , and that morphisms of h.d. 1 F^-link modules can be expressed as fractions 
of morphisms of f.g. projective Seifert A-modules. 
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The algebraic relation between Seifert A-modules and Blanchfield A [F^] -modules for 
A = Z was first investigated systematically in the knot case /i = 1 , by Levine [25, 26] 
and Trotter [46], and for the link case /i ^ 1 by Farber [13, 14] and Sheiham [41]. In 
particular, [41] expressed the Blanchfield module category BlaooiA) = Tlkoo{A) as the 
quotient of the Seifert A-module category Seioo{A) by the primitive Seifert A-module 
subcategory VrirriooiA), as we now recall. 

Let A be an abelian category. By definition, a Serre subcategory C C ^ is a non-empty 
full subcategory such that for every exact sequence in A 

M is an object in C if and only if M',M" are objects in C. Gabriel [17] defined the 
quotient abelian category A/C with the same objects as A but different morphisms: if 
M,N are objects in A then 

Hom^/c(M,A^) = limHom^(M',A^") 

with the direct Umit taken over all the exact sequences in A 

^ M' ^ M ^ M" ^ 0, ^ N' ^ N ^ N" ^ 

with M",N' objects in C. The canonical functor F: A A/C;A h->- A sends each 
object C in C to F(C) = 0, and has the universal property that for any exact functor 
G: A B such that G{C) = for all objects in C there exists a unique functor 
G: A/C B such that GF = G. In particular, if B is an exact category and G: A ^ 
B is an exact functor then the full subcategory C C A with objects C such that G(C) = 
is a Serre subcategory, and there is induced a functor G : AjC ^ B\A^ G{A) such 
that G = GF. 

By definition, a category is small if the class of morphisms is a set. In order to avoid 
set-theoretic difficulties we shall only be dealing with categories which are essentially 
small, ie equivalent to a small category. 

Let A be an essentially small category, and let E be a set of morphisms in A, e.g. 
the morphisms of a subcategory. A category of fractions Y1~^A is a category with a 
universally S -inverting functor F : A ^ Ti^^A, meaning that: 

(i) F sends each/ e S to an isomorphism F(f) in Ti^^A, 

(ii) for any functor G: A ^ B which sends each / G E to an isomorphism G(f) 
there exists a unique functor G : Ti~^A B such that GF = G. 
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An essentially small category of fractions T,^^A exists, with the same objects as A, 
and such a category is unique up to isomorphism (Gabriel and Zisman [18], Borceux [7, 
5.2.2]). For example, if A is an abelian category and C C .4 is a Serre subcategory, 
then 

A/C = S-U 

is a category of fractions inverting the set E of morphisms / in ^ with ker(f ) and 
cdk&rif) in C . 

An A[F^]-module M is Blanchfield if and only if the A-module morphism 
7: M; {mi,m2, . . . ,m^) ^(z; - l)mi 

pL i=\ 

is an isomorphism, called the Sato isomorphism (after [37], the case A = Z). As in 
Sheiham [41], for any Blanchfield A[F^]-module M use the A-module morphisms 



Pi'. ^M^M; (mi,m2, . . . 



CO 

tJ. i=l 

e = ujj^^ : M ^ M 
to define a Seifert A-module U{M) = (M, e, {vr,}). 

The categories Vrimao{A), SeiooiA) are abelian, while i3laoo(A) is in general only 
exact. The covering functor : SeiooiA) BlaooiA) was shown in [41, 5.2] to be 
exact, so that VrirriooiA) C SeiooiA) is a Serre subcategory. Thus if Hqo is the set of 
morphisms/ in SeiooiA) such that B{f) is an isomorphism in Blaoo{A), or equivalently 
ker(/') and coker(/') are in VrirriooiA), then 

Seioo{A)/VrimoQ{A) = 'E^ SeiooiA). 

The induced exact functor Boo '■ SeiooiA) /VriniooiA) — > BlaooiA) is such that 

Boo ' SeiooiA) ^ SeiooiA) /Trim ooiA) — ^ BlaooiA) 

and has the universal property of inverting Hqo . The functor Boo was shown to be an 
equivalence in [41, 5.15] using the fact that the functor 

Uoo : BlaooiA) ^ SeiooiA); M ^ UiM) 
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is right adjoint to B: for any Seifert A-moduIe V there is a natural isomorphism 

HomB,,^(A)(S(y),M) ^ nomse^^iA)iV, U{M)). 

The functor Uoo is fully faithful, allowing Bla^x^iA) to be regarded as a full subcategory 
of SeiooiA). By [41, 5.15] ?7oo induces a functor 

Foo : BlaooiA) SeiooiA) /VrirriooiA) 

which is an equivalence inverse to B^o ■ Thus up to equivalence 

SeiooiA) /Vrimoo{A) = r.^SeiooiA) = Blaoo{A). 

The categories Vrim(A), Sei(A), J^lk{A), Bla{A) are exact but not in general abelian. 
As in [41] let Sei{A)/Vrimoo{A) C SeiooiA) /VriniooiA) be the full subcategory with 
objects in Sei{A). The equivalence 

Boo - SeiooiA) /VrirUooiA) BhooiA) 

was shown in [41, 5.17] to restrict to an equivalence of exact sequences 

B: SeiiA)/VrimooiA) TlkiA) 

with 

B : SeiiA) ^ SeiiA)/VrimooiA) TlkiA). 

From the construction of SeiooiA)/VrimooiA) a morphism in SeiiA)/VrimooiA) may 
involve objects in SeiooiA) which are not in SeiiA), so that the equivalence B cannot 
be used to relate the algebraic A'-theories of SeiiA) and J^lkiA). 

A category of fractions Ti^^A has a left calculus of fractions if: 

(i) (1 : A ^ A) G S for every object A in ^, 

(ii) if is: A^B),it: B ^ C) G S then {ts: A ^ C) G S, 

(iii) for any / : A ^ B in ^ and s: A ^ D in E there exist g: D ^ C in ^ and 
t: B ^ C in S such that tf = gs: A ^ C, 

(iv) for any f,g: A ^ B in ^ and s: D ^ A in E with fs = gs: D B there 
exists it: B ^ C) G S with tf = tg: A ^ C. 

It then follows that a morphism A ^ B in can be regarded as an equivalence 

class s~ y of pairs if: A C,s: B C) of morphisms in A with 5 G S , where 

if, s) if', s') if there exist morphisms g: C D, g' : C' ^ D in ^ 

with igs = g's' : B ^ D) e^and gf = g'f: A ^ D 

Qeometry & Topology 10 (2006) 



1772 



Andrew Ranicki and Desmond Sheiham 



SO that 

s-'f = {gsr\gf) = {g's'r\g'f') = s'-'f : A ^ B in ^-'A. 

Let H be the set of morphisms/ in Sei{A) such that B{f) is an isomorphism in J^lk{A), 
or equivalently such that ker(/') and coker(/') are in VrirriooiA). In Section 3 we shall 
prove: 

Theorem B (i) The category of fractions E~^Sei{A) has a left calculus of fractions, 
and the covering functor B : Sei{A) — > !Flk{A) induces an equivalence of exact 
categories 

B: E-^SeiiA) Tlk{A). 

(ii) Theh.d. 1 BlanchfieldA[Ffj] -module category Bla{A) is the idempotent completion 
of the h.d. 1 F^-link module category J^lk{A). 

The key step in the proof of Theorem B (i) is the use of the algebraic transversality 
Theorem A to verify that for any h.d. 1 F^-link module M the Seifert A -module U{M) 
is a direct limit of morphisms in H . 



Primitive = near-projection 

Section 4 gives an intrinsic characterization of the primitive f.g. projective Seifert 
A -modules (f {vr,}) as generalized near-projections. 

An endomorphism e: P — > P of an A -module P is nilpotent if = for some 
^ 0. 

An endomorphism e: P ^ P is a. near-projection if e(l — e) : P ^ P is, nilpotent 
(Liick and Ranicki [28]). 

In Section 4 we shall prove: 

Theorem C A f.g. projective Seifert A -module (P, e, {vr,}) is primitive if and only if 
it can be expressed as 

{p, e, {tti}) = (^p+ e P-, j , {tt^} e {^r} 

and the 2fi-component Seifert A -module 

{P',e'y)=(p+®P- , A^t}®{7rn 
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is such that e'z' '■ ^'[^2/^] P'[F2im] is nilpotent, with the free group on Ifj, 
generators z'j, . . . ,Z2^. 

For = 1 the condition for a f.g. projective Seifert A-module (P, e, {vr,}) to be 
primitive is just that e he a near-projection. For /i = 1 Theorem C is just the 
result of Bass, Heller and Swan [5] that 1 — e + ez: P[z,z~^] — > P[z,z~^] is an 
A[z, -module isomorphism if and only if e is a near-projection, if and only if 

{P,e) = {P+,e++) e {P~,e~-) with e++ : P+ P+ and I - e" : p- ^ P' 
nilpotent. 

Algebraic ^-theory 

Section 5 obtains results on the algebraic /iT -theory of A[f^], Vrim(A), Sei(A), 
Tlk(A) and Bla{A), using the algebraic iir-theory noncommutative localization exact 
sequences of Schofield [39] and Neeman-Ranicki [30, 31]. 

The class group Ko(£) of an exact category £ is the Grothendieck group with one 
generator [M] for each object M in and one relation [K] — [L] + [M] = for each 
exact sequence in £ 

The algebraic A' -groups Kn{£) are defined by Quillen [32] for n ^ 1 and by Schlichting 
[38] for « ^ -1. Write 



Prim^(A) = K^iVrim{A)) 
Bla,(A) = K^{Bla{A)), 



Sei*(A) = K^{Sei{A)), 
Flk*(A) = K^{nk{A)) 



noting that Bla„(A) = Flk„(A) for « / 0. 



Theorem D (i) The algebraic K -groups of A{F ^} split as 



KMiFiA) = KM) e 0^:*-i(A) e Prim,_i(A). 



(ii) The sequence of functors 



Vrim{A) 



Sei{A) 



B 



Bla{A) 



induces a long exact sequence of algebraic K -groups 



Prim„(A) Sei„(A) 



B 



Bla„(A) ^ Prim„_i(A) 
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with 

im{B: Seio(A) ^ Blao(A)) = Flko(A) C Blao(A). 
(iii) The exact sequence in (ii) splits as a direct sum of exact sequences 

> ®Kn{A) ^ e^„(A) -1 e^„-i(A) ^ ®K„^i{A) ^ • • • , 

2/1/1 2/1 

> Prim„(A) Sei„(A) ^ Bfa^CA) ^ Prim„„i(A) ^ • • • . 

For /i = 1 Vrim(A) is the exact category of f.g. projective A-modules P with a 
near-projection e : P ^ P, which is equivalent to the product Mil{A) x J\fil{A) of two 
copies of the exact category J\fil{A) of f.g. projective A-modules P with a nilpotent 
endomorphism e: P ^ P, and 

Prim,(A) = /:,(Prim(A)) = NiU(A)eNiU(A), 

NiU(A) = i«:,(AAi/(A)) = /:*(A) © nTuca), 

Prim,(A) = NrU(A)©NrU(A). 

Thus for /i = 1 Theorem D (i) is just the splitting theorem of Bass, Heller and Swan 
[5], [4] for K\{A[z,z~^T) and its generalization to the higher A' -groups 

KMVz,z-^^) = K^{A) © K^^dA) © nTU-iCA) © MU_i(A). 

Theorem D (ii)-(iii) is new even in the case fi = I. 

Let Y1~^A[F^] be the noncommutative Cohn (ie universal) localization of A[F^] 
inverting the set S of the morphisms of f.g. projective A[f^] -modules which induce 
isomorphisms of f.g. projective A-modules under the augmentation e : A[F^j] —>■ A. 
The exact category H{A[F^], S) of h.d. 1 S-torsion A[F^]-modules is such that 

H{A[Ff,], S) = Bla{A), K,{H{A[F^], S)) = Bla,(A). 

Theorem E (i) The localization exact sequence 

Ki{A[F^]) ^ Ky{^-'A[F^]) ^ Ko{H{A[F^], S)) ^ Ko{A[F^]) ^ • • • 
splits as a direct sum of the exact sequences 

Ki(A) © 0^o(A) ^ KM) ©^-i(A) ^ Ko{A) © ©^_i(A) ^ • • • , 

M M ^ A* 

Primo(A) Seio(A) ^ Blao(A) ^ Prim„i(A) ^ • • • . 
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(ii) If i:-'^A[Ff,] is stably Gat (ie if Tor^^^^\s-U[F/,], = for * ^ 1 j 

the exact sequences and the spUtting in (i) extend to the left, involving the algebraic 
K -groups K„ for n ^ 2, with 

K^i^'^A[Ff,]) = K4A) e Sd*_i(A). 

For /i = 1 Sei{A) is the exact category £nd{A) of f.g. projective A-modules P with 
an endomorphism e: P ^ P , and 

Sei,(A) = K^{£nd{A)) = End,(A) = K^{A) End*(A). 

The special case of Theorem E (i) 

Ki{j:-^A{z,z-^]) = Ki(A) e E^doCA) 

is the spUtting theorem of Ranicki [33, 10.21]. 

We are grateful to Pere Ara, Warren Dicks, Marco Schlichting and the referee for helpful 
comments on the preprint version of the paper, which have led to various improvements. 
In particular, it was Pere Ara who pointed out that the Blanchfield A[F^] -module 
category Blaooi^) is the same as the F^-link module category J^lk^oiA) of [41]. 

1 Combinatorial transversality for -covers 

For /i ^ 1 let = (zi,Z2, • • • ,2^) ^^^^ group with generators zi,Z2, • • • ,Zti- 

1.1 -covers 

Definition 1.1 An F^-cover of a space is a regular covering p: W ^ W with 
group of covering translations F^ . 

A classifying space BF^ for F^ -covers is a connected space such that 




The universal cover of BF^ is an F^ -cover 

p^ : EF^ = BF^^B1 
with FF^ a contractible space with a free F^ -action. 
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Proposition 1.2 (i) Given an Fn-cover p: W ^ W and a map / : V ^ W there is 
defined a pullback square 



^ f ^ 
V 



fp 



P 

f ^ 

V — -^w 



with 



V =rw = {(x,y) eVxW \f(x) = p(y) G W}, 
f*p:V^ V; (x,y) ^ x, f:V^W; ix,y) ^ y 

such thatf*p : V ^ V is the pullback F^-cover. 

(ii) The F ^-covers p: W ^ W of a space W are classified by the homotopy classes 
of maps c: W BF^ with 

W = c*EF^ = {(x,y) eWxEFi,\ c(x) = [y] e BF^}, 
p(x,y) = c*pij,ix,y) =x. 

For a coimected space W the homotopy classes of maps c: W ^ BF^ are in one-one 
correspondence with the morphisms c* : Tri(W) F^; the connected F/j^-covers W 
correspond to surjections c* : Tri(W) F^. 

Proof Standard. □ 



1.2 The Cayley tree 

We shall be working with the following explicit constructions of BF^ and EF^ , as well 
as the Cayley tree of F^ : 

Definition 1.3 The Cayley tree is the tree with vertex set 

Gf = F, 

and edge set 

= {(g, gzi) I g G F^, 1 ^ / ^ m} C X Gf. 
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1 


Zi 












Zj 



Define a transitive -action on 

Fi^xGi^^ Gf^; ig,x) i-> gx 
with quotient the one-point union of n circles 

G^/F^=BF^ = \/S\ 

Let 

!=1 

with 

ef = (0,...,0,\,0,...,0), er = (0,...,0,-hO,...,0)eW, 
[eY,et] = {(0,...,0,t,0,---,0) \ -1 l}cM'*. 

Thus I/j, is the one-point union of n copies of the interval [—1,1] C M, identifying the 
H copies of G [—1,1]. 

We regard BF^ as the quotient space of Ifj, 

BF^ = lj{et r.ei\\^i^ii} = \/ S\ 

the one-point union of ji copies of the circle = [— l,l]/(— 1 ~ 1) in which the /x 
copies of [0] G 5^ are identified, with 

ei = {ef} = [gr] / [0] G BF^ 
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a point in the circle. The universal cover EF^ of BF^ is 

EFf, = {F^ X /^)/{(g, ef) ~ {gzi, ej) \g&F^,\ ^i^ /x}, 
a contractible space with a free -action 

F^ X EF^; (g, {h,x)) igh,x) 

and covering projection 

EFfj, BF^; [g,x\ [x\. 

Define an /^^-equi variant homeomorphism — ^^EF^ by sending the vertex 
g G G^°^ = F^ to the point (g,0) G and the edge (g,gZi) G G^^^ to the line 

segment 

{{g, tef) I ^ ? ^ 1} U {{gzu tei) \0^t^\}^EF^ 

with endpoints (g,0), (gZ;,0) G SF^. The projection — >^ G^/F^j^ can thus be 
identified with the universal cover : EF^ BF^ . 



1.3 Fundamental domains 



Definition 1 .4 Afundamental domain of an -cover p: W — > W is a closed subspace 
U CW such that 



(a) FfJJ = W, or equivalently p{U) = W, 

(b) for any g,heF^ 



gUnhU= < 



gVi if g = hzi 

hV, if g = hzi^ 

gU if g = h 

otherwise 



with Vi = Ur\zT^U. 
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Thus U dW is sufficiently large for the translates gU dW {g ^ F^) to cover W, but 
sufficiently small for the overlaps gU n hU to be non-empty only if g'^h = 1 or Zi or 

Example 1.5 (i) The subspace {l.,!^) C is a fundamental domain of the universal 
cover EF^, BF^. 

(ii) Let G'lj^ be the bary centric subdivision of the Cayley tree Gfj,, the tree with 

(Gp(i) = {{h, {g,gzi)) \h = g or gzi} C (Gp(«) X (Gp(0). 

The F^-equivariant homeomorphism G^ = G'^ = EF^ sends the vertex {g,gZi) G 
(Gp(0) to {g,ef) e EF^. The subgraph C G'^ defined by 

Uf = {\}^{{\,z,)}^{{zT\l)} 

f/« = {(i,(i,z,))}u{(zr\ar 
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is the fundamental domain of the cover — > G^/F^ corresponding to (1,/^) C EF^ 
under the G^-equivarianthomeomorphism G^ = EF^. 







^7' 






1 ■ 


(z-\i) 

1 (l-.Zi) 

■ 1 


Zi 














Zj 





Proposition 1.6 (i) Given an F^-cover p: W —>■ W and a map f: V ^ W let 

f*p : V = f*W ^ V be the puUback F^ -cover. If U C W is a fundamental domain of 
p then 

f-\U) = {{x,y)\xe V,y G UJ{x)=p(y) eW}cV 
is a fundamental domain off*p. 

(ii) Every F^ -cover p: W ^ W has fundamental domains. 
Proof (i) By construction. 

(ii) Apply (i), using the fundamental domain C G'^ = EFfj_ for the cover 

Pf, : EFf, EF^/F^ = BF^ 
given by Example 1.5, noting that 

p = c*p^ : W = c*EF^ ^ W 

is the puUback of the universal F^j-cover p^^ : EF^^ — > BF^ along a classifying map 
c: W^BF,, 



-EF„ 



BF„ 
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The inverse image of 11^ C EF^ 

U = c~\U^) C W 

is a fundamental domain of c: W W. □ 
1.4 Combinatorial transversality 

If p : IV ^ is an -cover of a space W with an additional structure such as a 
manifold or finite CW complex, we should like to have fundamental domains U C W 
with the additional structure. For manifolds this is achieved by choosing a classifying 
map c : W —>^ BF^ transverse at {e\ ,e2,---, e^} C BF^ - see Example 1.11 below 
for a more detailed discussion. For a finite CW complex W we shall develop a 
combinatorial version of transversality, constructing finite subcomplexes X C X{oo) of 
the Borel construction Z(oo) = W Xf^G^j,, such that the projection /(oo) : W{oo) W 
restricts to a simple homotopy equivalence / : X ^ W such that the pullback -cover 
X =f*W ^ X has a fundamental domain U C X which is a finite subcomplex. 

Proposition 1.7 For any F^^ -cover p: W ^ W let F^ act diagonally onW x 
F^x{Wx G^) -^{Wx G^y, {g,{x,y)) ^ {gx,gy). 

(i) The map 

tt: X = W XF,Gf,^W; [x,g] ^ p{x) 
is the projection of a fibration 

Gf, ^X^^W 

with contractible point inverses; for each x G W there is defined a homeomorphism 

Gf, vr^VW; g ^ lx,g]. 
In particular, vr is a homotopy equivalence. 

(ii) The pullback F^ -cover of X 

TT*p: X= p*W = WxG^^X = WxF^Gf, 

has fundamental domain W x U C X = W x G^, with U C G^ any fundamental 
domain. 

Proof Standard. □ 
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Definition 1.8 (i) An F ^-splitting (X, Y, Z, h) of a space W is a homeomorphism 
h: X ^ W from a space with a decomposition 

X=7X [-l,l]Uyx{-l,l}Z 

with F = Fi U F2 U . . . U the disjoint union of spaces Fi, F2, . . . , F^ and F x [— 1, 1] 
attached to Z along maps 

aj- : Yi X {-1} ^ Z, : F,- x {1} ^ Z. 

(ii) An F^-splitting (X, Y,Z,h) of a connected space W is connected if each of 
Fi , F2, . . . , F^, Z is non-empty and connected. 

Proposition 1.9 Let W be a space with an Ff^-splitting (X, F, Z, /j) . 

(i) The F ^-splitting determines an F^ -cover p: W W with 

W= (F^x(Fx [-l,l]UZ))/~, 

(g,yi, 1) ~ (zi8,a^(yi, 1)), 

(g,yi,-^) ~ (g, afOi, -1)) e G F,, 1 ^ j ^ 11), 

p: W^W; ig,x) ^ [hix)]. 
The subspace 

Z' = (1, F X [0, 1]) U (1,Z) U (jizi, Yi X [-1,0]) C W 

!=1 

is a fundamental domain of p: W ^ W. 

(ii) If there exists a homeomorphism <j): Z' ^ Z such that 

<Pi'^,yu 0) = aliyu -1), (fiizuyu 0) = afiyu 1) (y, € F,, \ n) 
the identification space 

W' = [F^ X Z)/ig, aiiyd) ~ (zig, at (yd) 
is such that there is defined a homeomorphism 

il,(f>): W^W'; ig,x)^ig,(f>ix)) 

so that 

p' = p(l,(t>r' : W'^W; (g,x) ^ p^-\x) 
is an F^-cover of W which is isomorphic top: W ^ W, with fundamental domain 

(1,(^)(Z') = (1,Z)C W'. 
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(iii) The fundamental group of a connected space W with a connected F ^-sphtting 
(X, F, Z, h) is an amalgamated free product 

iriiW) = 7ri(Z) * Ff,/{at{gi)Zi = na^igi) \ gi e ^i(FO, 1 ^ / ^ 

The surjection 7r\{W) is induced by a map c: W — > BF^ sending /j(Fi x {0}) C W 

to {e,} C BF^. The surjection tti{W) classifies the connected F^^-cover 

p: W in (i). 

Proof (i) and (ii) follow by construction. 

(iii) follows from the Seifert-van Kampen theorem and obstruction theory. □ 

Example 1.10 Define an -splitting (//^, {1,2, ... 7^,/) of BF^ by 
//^ = {1,2,...,^} X [-l,l]U(.i)^^_+(._i)^^-/^, 

t) ^ [(1 - t/2)et] for ^ ? ^ 1 
(/, t) ^ [(1 + t/2)e^] for - 1 ^ f ^ 
u u/2 for u ^ Ifj, 

with 

/(/, 0) = ei, f{i, 1) = et/2, /(/, -1) = er/2. 

The corresponding -cover of BF^ is the universal -cover BF^ = —>■ BF^, 
with fundamental domain = (1,/^) C G^. Note that/(/^) = 7^, with C the 
homeomorphic copy of /^j defined by 

7;, = {(0,...,0,f,0,...,0)G/^| -1/2^?^ 1/2}. 

A subspace F C X is collared if the inclusion / : F — > X extends to an embedding 
j: Y X [0, 1] X, with i(y) = j(y, 0) e X for y e F. In particular, dZ C Z is collared, 
for any manifold with boundary (Z, dZ). 

Example 1.11 Use the /^^-splitting (H^, {1,2,..., ^u},/^,/) of BF^ given by Exam- 
ple 1.10 to identify 

SF^ = //^ = {1,2,...,^} X [-l,l]U|i,2,...,^}x{-i,i}'^M- 
If p : X ^ X is an -cover of a manifold X it is possible to choose a classifying map 
c: X^BFn = {1,2, . ..,;u} x [-1, 1] U|i,2,...,m}x{-i,i} 
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which is transverse regular at {e\,e2, ■ ■ ■ C BF^, with the inverse images of 
e, = (/, 0) E BF^ disjoint framed codimension-1 submanifolds 

Yi = c-\ei)ClX 

Cutting X along 

Y = c-^{eue2,...,ef,} = Fj U U . . . U C X 
there is obtained an -splitting (X, F, Z, id.) of X, so that 

X = Fx[-l,l]Uyx{-i,i}2 

with Y = Y X {0} C X a framed codimension-1 submanifold, and Z = c~^{I^) C X a 
codimension-0 submanifold with 

af : F,- X {1} ^ Z, : Y x {-1} ^ Z 

components of the inclusion of the boundary dZ = Fx { — 1,1} CZ. Since dZ C Z 
is collared the fundamental domain of the -cover X = c*G^ 

Z' = (l,Fx [0,l])U(l,Z)uUfo,F, x [-1,0])CX 

(=1 

is such that there exists a homeomorphism (p: Z' Z with 

4>{l,yi, 0) = aiiyi, -1), ^{zi,yi, 0) = a,+(j;, 1) (j; G F,-, 1 ^ / ^ /x). 

Thus by Proposition 1.9 (ii) p: X — > X is isomorphic to the -cover p' : X' ^ X 
with _ 

X' = (F^ X Z)/(g,ar(jO) ~ {Zig,at(yi)), 

If X and X are connected it is possible to choose c such that each F, = p ' (e,) is 
connected, with 

=;?(F,Z)* : 7ri(X) F^. 

Definition 1.12 (i) A homotopy F ^-splitting (X, F, Z, /t) of a space W is a homotopy 
equivalence h: X ^ W from a space with an F^-splitting (X, F, Z, 1), so that 

X = F X [-1, 1] Uyx{-i,i} Z, F = Fi U F2 U . . . U F^. 

(ii) A homotopy F^-splitting (X, F, Z, /i) of a finite CIV complex W is simple if X is 
a finite CVK complex, Fi, F2, . . . , F^,Z C X are subcomplexes and h: TV —> X is a 
simple homotopy equivalence. 
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Example 1.13 Any finite CW complex W with an F^-cover W W admits simple 
homotopy F^-splittings (X, Y,Z, h) : embed W d {N large) with closed regular 
neighbourhood {X, dX) and apply the manifold transversality of Example 1.11 to the 
-cover X ~ W ^ W ~ X. 

Working as in Ranicki [35] we shall now develop a combinatorial transversality 
construction of simple homotopy F^j -splittings of W using finite subcomplexes of the 
Borel construction (Proposition 1.7) X/^^ G^, as follows. 

Definition 1.14 The canonical homotopy F ^-splitting (X(oo), F(oo),Z(cx)), h(oo)) of 
a space W with an F^ -cover p: W ^ W is given by 

X(oo) = F(oo) X [-1, 1] Uy(oo)x{-i,i} Z{oo) 

with _ _ 

a{oo)f' : F(oo),- = W ^ Z(oo) = W x I^; x (ziX, ef), 

a{oo)Y : Y{oo)i = W ^ Z{oo) = W'Klfj_;x^ 

h{oo): X{oo) — > W; {x,y) i— > p{x). 

The map h{oo) is a homotopy equivalence since it is the composite 



h{oo) = vr o/: X{oo) 
of the homeomorphism 



/ 



w 



f: X{^)^WxpG.; I 



\x, i, f) ^ {x, (1 - 1/2)6^-) for ^ ? ^ 1 

(x, /, t) {z.iX, (1 + t/2)ei) for - 1 ^ ? ^ 

^{x, u) ^ (x, u/2) for u d Ifj^ 

and the homotopy equivalence 

vr: X = W Xf^G^^W 

given by Proposition 1.7. For every y G there is a unique g £ such that 
gy G e^, . . . , e^}, so that either gy = tef with ^ f < 1 , or = te,^ with 

^ f ^ 1 , and 

r': Wxp^G^^Xi^) : 

'(gx, /, 2(1 - 0) if 53' = tef with 1/2 ^ f < 1 
[■^, y^ ^ I iz^^gx, i, 2{t - 1)) if gy = ter with 1/2 ^ f ^ 1 

Sgx, gy) if 2gy e If, (ie if -1/2 ^ t ^ 1/2). 
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Proposition 1.15 Given a space W with Ff^-cover p: W ^ W and a subspace 
VCWlet 

X{V) = Y{V) X [-1, 1] UK(y)x{-i,i} Z{V) C X{oo) 

with 

a(V)t : Y(V)i = VnzT'V^ Z{V) = VxI^;x^ {ziX, ef), 
a{V)i : Y{V)i = Vnzi^V^ Z{V) = VxI^;x^ (x, e^), 

and set 

h{V) = h{oo)\ : X{V) W; (x, f) ^ p{x). 

(i) For any x eV 

hiVr'ipix)) = {ix,y) eWxF^G^\ye G^{V,x)} 

= {x} X Gf,(V,x) C X(V) C X(oo) = W Xf^ G^ 
with G^{V, x) C G^ the subgraph defined by 

G^(V,x)(") = {g(^F^\gx€V}C Gf = F^, 

= {{i, g) I gx, gzix e y} C G^i) = {1, 2, . . . , /x} X F^. 

(ii) The image of h(V) is 

hiV)(XiV))=piV)CW, 
so that h(V) is surjective if and only if p(V) = W, if and only if UgeF^ ~ ^■ 

Proof By construction. □ 

In particular, if V = W then 

(X(V), Y(V),Z(V),hm = (X(oo), 7(oo),Z(oo),Moo)) 

and h(V) : X(V) = X{oo) ^ W is a homotopy equivalence (since it has contractible 
point inverses). 

Theorem 1.16 (Combinatorial transversality) Let W be a connected finite CW 
complex with a connected Ff^-cover p: W ^ W. The canonical homotopy F^- 
sphtting (Z(oo), F(oo), Z(oo), /i(oo)) of W is a union 

(X(oo),y(oo),Z(oo),/i(oo)) = \JiXiV),YiV),ZinhiV)) 

{V} 
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of simple homotopy Ff,-splittings (XiV), YiV),ZiV),hiV)) ofW, with {V} a collection 
of finite subcomplexes V C W such that 

p{V) = w, \Jv = w. 

{V} 

In particular, there exist simple homotopy F ^-splittings of W . 
Proof Let 

w = Ud"uUd1u...u Jz)" 

be the given cell structure of W , with skeleta 

w^'-) = IJd" u u . . . u Jd'-. 

The characteristic maps D'' — > of the r-cells restrict to embeddings D''\S''~ ' C W 
on the interiors, and as a set W is the disjoint union of the interiors 

W = IJd" U |J(D1\5") U . . . U y(D"\5"-^). 
Choose a lift of each r-cell D*" in W to an r-cell D' in IV, so that 

Write (j): 5'' — > W^*"^ for the attaching maps of the (r+l)-cells in W , and let (p: S'' ^ 
W''^ be the attaching maps of the chosen lifted (r+1) -cells in W. For any subtree 
Tn ^ there exists a sequence of subtrees C for r = n — 1 , n — 2, . . . , such 
that 

^(S'-)QW^'-'^U U grD'-. (*) 
The sequence T = {T„, r„_i, . . . , Tq) determines a subcomplex 

such that p(V{T)) = W. The map h{V{T)): X{V{T)) W constructed in Proposi- 
tion 1.15 is surjective, with contractible point inverses 

KV{T))-'(p{x)) = G^(V,x) = Tr (p{x) G D'-\5'"-i C W), 

so that it is a homotopy equivalence and {X{V{T)),Y(V{T)),Z(V{T)),h(V{T))) is 
a homotopy /^^ -splitting of W. For the maximal sequence T = (Gf_i,G^, . . . ,G^) 
V{T) = W and we have the canonical homotopy -splitting (X(oo), F(oo),Z(oo), 
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h{oo)) of W . Any finite subtree J,, C can be used to start a sequence T = 
{T„,Tn~.i, . . ■ ,To) of finite subtrees T,. C satisfying (*), since for each r = 
n,n — 1, . . . , 1 the r-cells D'' —>■ W are attached to a finite subcomplex of the 
(r-1) -skeleton W^'-^K For a sequence T of finite subtrees (X(V{T)),YiV{T)), 
Z(V{T)),h(V{T))) is a simple homotopy -splitting of W. Finally, note that G^ is 
a union of finite subtrees T„ C G^, so that (Fi^,F^, . . . ,F^) is a union of sequences 
T = (T„, Tn^i, . . . , Tq) of finite subtrees C G^ satisfying (*), with corresponding 
expressions 

W = \JV{T), 

T 

(X(oo), y(cx)),Z((X)),/i(oo)) = [J{X(V{T)), Y(V{T)XZ{V{T)),h{V{T))). 

T 

This completes the proof. □ 



2 Algebraic transversality for A [F^] -module complexes 

Algebraic transversality for A [F^] -module chain complexes is modelled on the combi- 
natorial transversality for -covers of Section 1. The procedure replaces matrices 
with entries in A[F^] by (in general larger) matrices with entries of the linear type 

ai + ^ a^z; E A[F^] (ai , a^, , . . . , a^^ G A). 
i=i 

Algebraic transversality can be traced back to the work of Higman, Bass-Heller-Swan, 
Stallings, Casson and Waldhausen on the algebraic A" -theory of polynomial extensions 
and more general amalgamated free products. See of Ranicki [33, Chapter 7] for a 
treatment of algebraic transversality in the case fi = I when A[F^] = A[z,z~'] is the 
Laurent polynomial extension of A . 

Definition 2.1 Given an A -module P and a set F let 

P[F] = ^xP 

xeF 

be the direct sum of copies xP of P, consisting of the formal A-linear combinations 
xux {ux G P) with {x G f I / 0} finite. 
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In particular, if F is a semigroup with 1 then A[F\ is a ring. 

We shall be particularly concerned with the case of a free group F = or the 
free semigroup F+ on /j, generators zi,Z2, ■ ■ ■ jZ^. Thus c F^ consists of all 
the products zf/zfz^ . . . Zi^ with ni , ni, . . • , % ^ 0. The rings A[F^] , A[F+] are free 
products 

A[Ff,] =A[zi,zi^] *aA[z2,Z2^] *a • • • *aA[z^,z-^], 
A[F+] = A[zi] *aA[z2] *a • • • *aA[z^]. 

For any ring morphism k: A ^ B induction and restriction define functors 
k\ : {A-modules} {S-modules}; L k\L = B^aL, 
: {S-modules} {A-modules}; M k'M = M 

such that k\ is left adjoint to ^' , with a natural isomorphism 

HomA(L,k-M) HomB(k\L, M); f ^ {b^x^ bf(x)). 

Definition 2.2 An A [F] -module is induced if it is of the form 

P[F] = hP = A{F] (g)A P 
for an A -module P, with k: A — *• A[F] the inclusion. 

Proposition 2.3 Let P, Q be A-modules. 

(i) There is deSned a natural isomorphism of additive groups 

HomA(P, Q[F]) ^ HomA[f](P[F], Q[F]y, / ^ ( ^ yg^ ^ yf(g^)) . 

y(^F yeF 

(ii) There is defined a natural injection of additive groups 

HomA(P, Q)[F] ^ HomA(P, Q[F]y, ^x/^ ^ (y ^ Y.^fx(y)) • 

xeF xeF 

(iii) If P is a f.g. projective A-module the injection in (ii) is also a surjection, so 
that the composite with the isomorphism in (i) is a natural isomorphism allowing the 
identification 

UomAiP, Q)[F] = HomA[f](P[F], Q[F]). 

Proof (i) This is just the adjointness of A:! and k' , with k: A ^ A[F] the inclusion. 

(ii) Obvious. 

(iii) It is sufficient to consider the case P =A. □ 
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Definition 2.4 Let P be an A-module which is given as a )U-fold direct sum 

with idempotents vr, : P ^ Pi ^ P. 
(i) Define the A [F] -module endomorphism 
/zi ••• 0\ 



1=1 



Z2 









: P[F] = Pi[F]eP2m 



^P[f]=Pl[/^]©P2[/^] 

For F = Ffj, this is an automorphism, with inverse 



P^.[F] 
■®P^[F]. 







1=1 







\0 ••• z;V 



P[Fi,] = PilF,,] © P2[F^] © • • • © P^LF^]. 
(ii) Given a collection of A-module morphisms 

e = {ei G HomA(P/, | 1 ^ ? ^ A*} 
define the A [F] -module morphism 



ez 



= YjT'iZ.i = {eizi e2Z2 ■ ■ ■ e^z^) : P[F] = Pi[F] © P2[F] © • • • © P^[F] ^ Q[F]. 



(iii) An A [F] -module morphism/: P[F] —>■ Q[F] is linear if 

f=f^z-r=[f+'hx-f-'' ... /+'%-/-''^) : 

P[F\ = Pm® Pi{F\ e • • • e P^{F] ^ Q{F\ 
for some A-module morphisms : Pi ^ Q- 

Definition 2.5 (i) A Mayer-Vietoris presentation of an A [F] -module E is an exact 
sequence of the type 

> © C(')[F] D[F\ ^ E > 

;=1 
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with C^'\D A-modules and/ = f^z — f a linear A[/^]-moduIe morphism. 

(ii) A Mayer-Vietoris presentation of an A [F] -module morphism (f): E E' is a 



morphism of Mayer-Vietoris presentations 







i=\ 



D[F] 
h 



f 



© C'('\F] D'[F] E' 

!=1 

where g^'^ : C^'^ —>■ C'^'^ and h: D —>^ D' A-module morphisms. 

(iii) A Mayer-Vietoris presentation of an A [F] -module chain complex E is an exact 
sequence as in (i), with C^'\D A-module chain complexes and/^'' : C^'^ —>■ D A- 
module chain maps. Similarly for an A[F] -module chain map 0: E ^ E' , with a 
morphism of exact sequences as in (ii) in which g^'\ h are A-module chain maps. 

(iv) A Mayer-Vietoris presentation of a finite induced f.g. projective A[F^] -module 
chain complex E is finite if C^'\D are finite f.g. projective A-module chain complexes. 

Example 2.6 Let X be the CW complex 

X = Z/{x ~ f3i{x) I ;c G y^, 1 ^ / ^ /i} 
which is obtained from a CW complex Z and disjoint collared subcomplexes 



Y+ Y+ 



Y+ y- y- 



using cellular homeomorphisms : — > F,- as identifications. As in Definition 1.8 
there is an F/,-splitting (X, Y, Z, h), where Y = Y^ VAY^ U . . .VAY+ and 



inclusionj,+^2 • 



(inclusion^ 



)A- : Yi = Yt ^Z. 



The cellular free Z[F^] -module chain complex C(X) of the F^ -cover X oiX given by 
Proposition 1.9 (i) has a Mayer-Vietoris presentation 

OL 







C(F)[F. 



C(Z)[F. 



C{X) 







with C(F)^'^ = C(y,), C(Z) free Z-module chain complexes, and a = a^z — a~ a. 
linear -module chain map. If Z is a finite CW complex the Mayer-Vietoris 

presentation is finite. 
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We shall construct Mayer-Vietoris presentations of free A [F^] -module chain complexes 
using the Cayley tree G^j (Definition 1.3) and the subtree C corresponding to 

Definition 2.7 (i) Let G+ C G^ be the subtree with 

(ii) For any subtree T C and / = 1 , 2, . . . , /i let T*^''^^ C r^'^ be the set of edges of 
type {g,gZi) with g £ F^, such that 

i=l 

and let 

r+ = r n G+ c r. 

(iii) For f = (resp. F+) let G = G^ (resp. G+). 

We shall only be considering subtrees T Q G containing the vertex 1 e G^"^ . 

Proposition 2.8 Given an A-module P let E = P[F] be the induced A[F] -module, 
regarded as a 0-dimensional A[F] -module chain complex. 

(i) For any subtree T C G there is defined a Mayer-Vietoris presentation of E 

E{T) : e X. D[F] ^E 

j=i 

with 

D = P[r<°^], C^') = D n z~^D = PIT'-''^''] C E, 

f+,i ■ c'i) xp^ xp, /-•'■ : C<') D; xp ^ Zixp. 

(ii) The Mayer-Vietoris presentations E{T) are such that 

E{T n r') =E{T)n e{t'), e{tu t') =e{t)+ e{t') {tj'<^g). 

If P is f.g. projective and T is finite then C'-'^ , D are fg. projective A -modules. 

(iii) Given a morphism of induced A[F] -modules 

(p: E = P[F] -^E' =P'[F] 
and a subtree T C G let (p^:T G be the smallest subtree such that 

(j){P) c p'[</.,r^°)] c E'. 
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For any subtree T' C G such that (f)*T C T' there is defined a morphism of Mayer- 
Vietoris presentations 



E{T) : 0- 



1=1 







if) 



E'{T') : 0- 



C'(')[F] D'[F] E' 

i=l 



with 



8 



D^D'. 



If P is a f.g. A-module and T C G is Unite, then so is (j)*T C G. 
Proof By construction. 



□ 



Example 2.9 The Mayer-Vietoris presentation of E associated to the minimal subtree 
r= {1} C Gis 



>0 



id. 



^ P[F] E > 0. 

Definition 2.10 The canonical Mayer-Vietoris presentation of an A[F] -module chain 
complex E with each Er = Pr[F] an induced A [F] -module 







E{oo) : -©C«[F]-^£>[F] ^E- 

i=i 

is the Mayer-Vietoris presentation with Er{oo) = Er{T) the Mayer-Vietoris presenta- 
tion of Er associated to the maximal subtree T = G QG, where 

/+''■ = id., /- = Zi : C^^ = k-E^D = k'E 

with k: A ^ A[F] the inclusion. 

Remark 2.11 (i) The canonical Mayer-Vietoris presentation can be written in terms 
of induction and restriction 







with 



£(oo) : ^®k£EJL^k,k\E- 



/: @k\k'E ^ k\k'E; XiiSiy XiZi'Siy — Xi Ziy (xi e A[F],y e E), 
k\k'E E; X ^y 1-^ xy (x & A[F],y & E). 
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(ii) The canonical Mayer-Vietoris presentation for F = F^i?> the algebraic analogue 
of the canonical homotopy -splitting of a space W with an F^ -cover W in 
Definition 1.14. 

Theorem 2.12 (Algebraic transversality for chain complexes) Let E he an n- 
dimensional A[F] -module chain complex 

E : E„ — ^ £■„_ 1 ^ • • • ^ El — Eq 

with each E^ = Pr[F] induced from an A -module Pr- 

(i) For any sequence T = (F,,, F„_i , . . . , Fq) of subtrees T,- C G such that 

{dr)*{Tr) C Tr-l (r = H, n - I , . . . , I) (*) 
there is defined a Mayer-Vietoris presentation 

E{T) : ^ C(')[F] i^^^ D[F] ^ E 

(=1 

with 

E{T)r = Er{Tr) (0 ^ r ^ «), E{T)QE{oo). 

(ii) If the A -modules Pr are f.g. projective then for any finite subtree F„ C G there 
exists a sequence T = (Tn, F„_i, . . . , Fq) of finite subtrees T, C G satisfying (*), so 
that E{T) is a finite Mayer-Vietoris presentation of E. Thus 

e{^) = [Je{t) 

T 

with the union taken over all such sequences T. In particular, E admits a finite 
Mayer-Vietoris presentation. 

Proof By repeated applications of Proposition 2.8, with the sequences F = (F„, F„_i , 
. . . , Fq) the chain complex analogues of the sequences used to construct the homotopy 
F^-splittings of CW complexes in the proof of Theorem 1.16. □ 

This completes the proof of Theorem A of the Introduction. 
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3 Blanchfield and Seifert modules 
3.1 The Magnus-Fox embedding 

This section obtains some technical results on the Magnus-Fox embedding which 
we shall need to characterize Blanchfield A [F^] -modules, and to approximate h.d. 1 
F^-link modules by f.g. projective Seifert A-modules. 

Let A((xi,X2, . . . ,x^)) be the ring of A-coefficient formal power series in non- 
commuting indeterminates x\,X2, ■ ■ ■ ,x^. The Magnus-Fox embedding is defined 

by 

i ■ A[Ffi] AlFfi] = A{{xi,X2, ■ ■ ■ ,x^)); zj I + xj. 

See the paper of Ara and Dicks [1] for a recent account of the Magnus-Fox embedding, 
including the relationship with noncommutative Cohn localization. 

The augmentations e(zy) = 1 , t{xj) = give rise to a commutative triangle of rings 

A[F^] -A[i^ 




Proposition 3.1 (i) For projective A[F^] -modules K, L the augmentation map 

^- Horn— , L) ^ Hom^ (A ®— K, A ®— l) ; / ^ 1 ® / 
is surjective. 

(ii) A morphismf: K L of projective A[F^] -modules is an isomorphism if and 
only if the A -module morphism 

I0f: A^~K^A^~L 

is an isomorphism. 

(iii) A morphismf : K ^ L of projective A[F^] -modules induces an A[F^] -module 
isomorphism 

1 0/ : A[F^ <S)A[F^] K A\F^] CdA[F^] L 
if and only if the A-module morphism 

l(g>f: A (^A[F^] K^A ®A[F^] F 

is an isomorphism. 
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Proof (i) By additivity this reduces to the special case K = L = A[F^] , which is just 
the fact that ?: A[f — A is surjective. 

(ii) It suffices to prove that if 1 / is an A-module isomorphism then / is an 
A [F^] -module isomorphism. 

Consider first the special case when K,L are free A[F^]-modules, say A[F^]'^, A[F^Y 
for some sets k, £. The augmentation map 

e: Hom— (A^F;J^A^^ViO ^ HomA(A^A^); 7^ 1 0f 

has a canonical splitting. If 1 0/ is an isomorphism then all the entries in the matrix of 
the A[f"^]-module morphism 

g=l-(l ®f)-^f: MFilf ^ MF^"" 

have constant term 0, so that 1 — g = (1 ®f)''^f is an A [F^] -module isomorphism 
with inverse 

{\ - g)-^ = \ + g + g'' + + + ■ ■ ■ : MF^f ^MF^f , 
and / = (1 ®/)(l — g) is an isomorphism. 

For the general projective case apply (i) to lift (1 ®f)~^ to an A [F^] -module morphism 
7: L ^ K. Choose a projective A[F^]-module / such that / © ^ © L is a free 
A [F^] -module, and apply the special case to the A [F^,] -module morphism 

1©^^ : J®K®L^J®K®L. 

(in) This is a special case of (ii). □ 



For 7 = 1, 2, . . . , let be a formal square root of zj, so that (yj)^ = zj- Let Ff^(y) 
be the free group generated hy yi,y2, ■ ■ ■ ,yfx, so that F^ C F^iy) is the free subgroup 
generated hy zi,Z2, ■ ■ ■ ,Zfj,. We can identify G^j'"''' with the subset F^^yj c F^(j) : the 
edge (g, gZj) G G^^"'^ {g G F^) is identified with the element gyj^ G F^(y). 

Lemma 3.2 IfTcG^ is a Unite subtree then 

A[r(0)] = A[{1}] © (^^A[T^'''^](yr' - y,)) C A[F^]. (*) 
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Proof If w G r^^''') then certainly wiy^ ^ - yj) e A[r(°^]. Let us check hnear 
independence of the generators on the right hand side of (*) . Assuming the contrary, let 

gy]~'eu 

be a non-trivial relation with U C T^^^ non-empty and minimal. We reach a contradiction 
by observing that if g(yj)'~^ G ?7 is a word of maximal length (in reduced form) then 
ag = 0. 

We must also show that every v G 7^°^ is an element of the right-hand side of (*). 
Indeed there is a (unique) path in the tree from 1 to v defined by a sequence of edges 
wi,W2, ■ ■ ■ ,Wn G r^^^ and we have 

n 

V = 1 + 5^ WiiyJl^^ - yj^i))rti G A[F^] 
(=1 

if the signs r/,- G {±1} are chosen appropriately and is such that G T'-^^'-'^K □ 

Proposition 3.3 For any finite subset S (Z the inclusion i\ : A[S] ^ A[F^] is a 
split A -module injection. 

Proof Since every finite S is contained in the vertex set of some finite tree we may 
assimie that S = T^°^ for some finite subtree T c G^. We proceed by induction on 

|r(0)|. 

If the tree T has only one vertex then T^^^ = {1} with ?(!) = 1 G A[F^] and 

= A[{1}] e A[?3x,- = A e QA{F]A(1 - z^) (**) 

!=1 i=l 

for any tj G {±1}, and /| : A[{1}] A[F^] is a split injection. 

Suppose now that | J^"^ | ^ 2 . Let vq G T^"^ be a leaf, ie a vertex to which only one 
edge is incident. Let r\{vo} denote the tree obtained by removing the vertex vq and 
the incident edge. By the inductive hypothesis, i\ : A[r*^°)\{vo}] A[F^] is a split 
injection; we denote the image by P. 

Since vq is incident to precisely one edge then vq = woy^ for unique rj G {±1}, 
A: G {1, . . . , Af} and wo G T^^'*^). Now for every ; we have T^^J^yp C r(°^\{vo}. Thus 

= T(^J)y-V(l _ ,;)^ c (r(0)\{vo})(l - z])v. 
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It follows from (*) that /(A[r^°^]) is a direct summand of 

A/(vo)©0p(i-z;) 

and hence, by the following Lemma 3.4, a direct summand of A[F^] . □ 

Lemma 3.4 Suppose P is an A-module which is a direct summand of If 
6 G A[F^] is an element such that e{9) = 1 e A and rj = \ or —\ then 

AO® I^Qpci -z^j cALfVI 
is again a direct summand. 

Proof We may write A[F^] = P © 2 for some A-module Q. Let 77 = 1 or —1 . Now 
it follows easily from (**) that 

A\F^^ =Ae® ^© A[F;J(1 - z])^ 

=Ae® ^ep(i - z])^ © G(i - 

which completes the proof. □ 



3.2 Blanchfield modules 

Definition 3.5 (i) A Blanchfield A{F ^^-module M is an A[F^]-module such that 

Torf^'-\A,M) = 0. 

(ii) (Sheiham [41]) An F^-link module M is an A[f^]-module which has a 1- 
dimensional induced A[f^] -module resolution 

PVFl.^ P[F^] ^ M 

with P an A-module and d an A [F^] -module morphism such that the augmentation 
A-module morphism e(d) : P ^ P is an isomorphism. 

As before, let ^ : A ^ A[F^] be the inclusion. 
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Proposition 3.6 The following conditions on an A[Ffj^] -module M are equivalent: 

(i) M is a Blanchfield module, 

(ii) M is an -link module, 

(iii) the A-module morphism 

A» !=1 

is an isomorphism. 

Proof The canonical Mayer- Vietoris presentation (Definition 2.10) of any A[F^]- 
module M is defined by 

^ kk-M kik-M ^ M ^ 

with 

d- ^^krk'-M ^ hk'M; Xi0y XiZi^y - Xi0 Ziy (xi e A[Ffj],y e M), 
k\k-M = k-M[Ff,^ -^M; x®y^xy (x G AiF^^^y G M), 
such that d has augmentation A-module morphism 

e{d) = --fM ■ A:'M ^ k-M. 

Regarded as a right A [F^] -module A has a 1-dimensional f.g. free resolution 

eA[F,J ~ A[F^] ^A -0, 

!=1 

so that for any A [F^] -module M 

{A ^A[F^] M = coker(7M) if « = 0, 
ker(7M) if?i = l, 

if « ^ 2. 

The equivalences (i) <^=^ (ii) <^=^ (iii) are now clear. □ 

Definition 3.7 (i) Let ^/aoo(A) be the category of Blanchfield A [F^] -modules, and 
let Bla{A) C S/aoo(A) be the full subcategory of the h.d. 1 Blanchfield A[F^]-modules. 
(In view of Proposition 3.6 Blaoo(A) is the same as the F^-link module category 
J'lkooiA) of Sheiham [41]). 
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(ii) Let Tlk{A) C Bla{A) be the full subcategory of the h.d. 1 Blanchfield A[F^]- 
modules M such that there exists a 1-dimensional induced A [F^] -module resolution 

PVF^] P[F^] ^ M 

with P a f.g. projective A-module. 

Example 3.8 (i) For a principal ideal domain A 

^o(A[f^J) = Ko{A) = Z 

(see Bass [3]) so that 

Bla{A) = nk{A). 

(ii) A finitely presented Blanchfield Z[/^^] -module is a 'type L' -module in 
the sense of Sato [37]. 

(iii) Given a ^u-component boundary link £ : |J^ 5" C S"^^ let c : W ^ Wq he & 
Z-homology equivalence from the exterior W to the exterior Wq of the trivial /x- 
component boundary link Iq : \_\^ S" C 5"+^ , with F^-equivariant lift c : IV — > Wq to 
the F^j-covers. The homology groups H^: (W) = (c : W — > Wo) are Blanchfield 
Z[F^] -modules of homological dimension ^ 2. Each Hr[w) has a Z-contractible 
f.g. free Z[F^] -module resolution of the type 

^ Z[F^]"'- ^ Z[F^t- ^ ZIF^Y-- -^Hr{W)^0 {0 ^ r ^ n + \) 

with Gr — br + Cr = 0, and /fr(W)/Z-torsion is an h.d. 1 F^-link module (Levine 
[26, 3.5] for /i = 1, Sato [37, 3.1] and Duval [12, 4.1] for ^ ^ 2). See Example 3.13 
below for the construction of an (m+1) -dimensional chain complex C in SeiCZ) 
such that the covering B{C) is an («+l) -dimensional chain complex in jr/A;(Z) with 
H,{B{C)) = H,{W). 

The following Proposition 3.9 characterizes Blanchfield A[F^]-modules in terms of 
A[F^] -modules K such that 

Torf^^^A,/:) = 0. 

If /i: is a flat A[F^] -module then Torf''''\B,K) = for any right A[F^] -module B, 
and in particular B = A. If K = P[F^] is induced from an A-module P then 

Torff^^\A,P[F^]) = Torf(A,P) = 0. 
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Proposition 3.9 (i) If M is an -module with a resolution 

^K-^L ^0 



such that 



Tor 



(A,/:) = Torff^^\A,L) = 



(e.g. the canonical Mayer-Vietoris presentation of Definition 2. 1 0) then M is Blanchfield 
if and only if the A-module morphism I d: A (^a[f^] K —^ A (8)a[f^] L is an 
isomorphism. 

(ii) A morphism d: K ^ L of projective A{F -modules is injective and M = 
cdkeT(d) is a Blanchfield A[F^]-module if and only if the A-module morphism 
I (Eld: A ®A[F^] K ^ A ®A[F^] L is an isomorphism. 

Proof (i) It follows from Proposition 3.6 and the commutative diagram with exact 
rows and columns 



Torf''''\A,K) = 



Torf^^\A,L) = 0- 







(=1 



i=l 



IK 







K 



i=l 



Y 





7M 



■M 







K- 



1 (gi d 

-A®A[F.]L- 



that M is Blanchfield if and only if 1 (g) J is an isomorphism. 

(ii) If d is injective and M is Blanchfield then 1 J is an isomorphism by (ii), since 
projective A[F^] -modules are flat. Conversely, if \ ® d: A (8'A[Fp] K ^ A ®a[f^] ^ 
is an isomorphism then l(E d: A[F^] (E>A[f„] K A[F^] (E>a[f„] L is an isomorphism 
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by Proposition 3.1 (iii), and it follows from the injectivity of K ^ A[F^] ®a[f^] K, 
L — > A[F^] (8'A[Fp] ^ and the commutative diagram 



K 




A[F^] (^A[F^] K ^"-^ A[F^] 0A[f^] L 
that : K ^ L i?, injective. □ 

The idempotent completion V{£) of an additive category £ is the additive category 
with objects pairs (M,p = p^ : M ^ M) defined by projections p of objects M 
in £, and morphisms/: {M,p) — > {N,q) defined by morphisms/: M ^ N in £ 
such that qfp = f: M ^ N. As usual, £ is idempotent complete if the functor 
£ — > V(£y,M !—>■ (M, 1) is an equivalence, or equivalently if for every idempotent 
p = p^ : M —>^ M in £ there exists a direct sum decomposition M = P (B Q with 

: M = P(BQ^M = PeQ. 

For any exact category £ there exists a full embedding <S C .4 in an abelian category A 
(Gabriel-Quillen), and the idempotent completion V{£) is equivalent to the full exact 
subcategory of A with objects im(p) for objects {M,p) in V{£). For £ = J^lk(A) C 
A = BhooiA) we have that V{Tlk{A)) C Blaoa{A). In fact, we have: 

Proposition 3.10 (i) The exact categories Vrim{A), Sei{A), Bla{A) are idempotent 
complete. 

(ii) The idempotent completion of !Flk{A) is equivalent to Bla{A) 

V{Tlk{A)) ^ Bla{A). 

Proof (i) The exact categories Vrim(A), Sei(A), Bla(A) are closed under direct 
summands. 

(ii) For any f.g. projective A[F^] -modules K, L the augmentation map 

e : HomA[F^](i<r, L) HomA(A ®A[Ff.] K,A ®a[f^,] L)\ d ^ I ® d 
is surjective, by the following argument: choose f.g. projective A [/^^] -modules K' ,L' 



such that 



K®K' = A[FJ, L®L' = A[FJ 
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for some k,i ^ 0, and note that the augmentation map 

e : nomAiF,] {K ®K\L® U) = Hom^cf,] {A{F , A[_F ^.f) 

Hom^ (A ®A[F^] [K eK'),A ®A[f,j {L ® L')) = Hom^ (A^ A^) 

is surjective. Given an h.d. 1 Blanchfield A[F^] -module M with a f.g. projective 
A [F^] -module resolution 

^K-^L ^0 

we know from Proposition 3.9 (i) that l0d: A ®a[f^] K ^ A C5ia[f^] L is an A-module 
isomorphism. By Proposition 3.1 (i) it is possible to lift (1 ® d)^^ to an A[F^] -module 
morphism e: L — > /T, so that by Proposition 3.9 (i) e is an injection with 

N = coker(e) 

an h.d. 1 Blanchfield A[f^] -module. Let 7 be a f.g. projective A[F^] -module such 
that 7 © © L is f.g. free, say A[F^]'". The A[f ^]-module morphism 

/=1©^^ o) ■ ■^®^®^ = ^[^/^J'" ^J®K®L = A[F^]"' 

is such that 1 ©/ : A"' — > A'" is an isomorphism, so that coker(/") = M © is an h.d. 1 
F^-hnk module. The functor 

nk{A) BlaiA); M^M 

is a full embedding such that every object in Bla{A) is a direct summand of an object in 
J^lk{A), so that Bla{A) is (equivalent to) the idempotent completion V{Tlk{A)). □ 

3.3 Seifert modules 

Let be the complete quiver which has ji vertices and jj^ arrows, one arrow between 
each ordered pair of vertices. The path ring is given by 

= Z[e] * Z [vTi , 7r2, . . . , vr^ I vr/vry = JyVr,-, J^Li'^i = l] 

where iTieTTj corresponds to the unique path of length 1 from the ith vertex to the 
7th vertex. An A-module P together with a ring morphism p: Q^^ ^ End^CP) is 
essentially the same as a triple (P, e, {tt,}) with e: P — > P an endomorphism, and 
{vT; : P ^ P} n complete system of p. idempotents. (Such representations of 2^ were 
first considered by Farber [14] for particular A.) 
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Definition 3.11 (i) A Seifert A-module (P, e, {tt,}) is an A-module P together with 
an endomorphism e: P ^ P, and a system {tt,- : P ^ P} of idempotents expressing P 
as a /x-fold direct sum, with 

T^^: P = P^(^P2(S...®P^^P; (xi,x2, . . . ,x^) ^ (0, . . .,0,Xi,0, ... ,0). 

(ii) A morphism of Seifert A -modules 

g: (P,e,{7r;})^(P',e',{7r;}) 
is an A-module morphism such that 

ge = e'g, gTTi = TT-g : P ^ P' . 

The conditions giTi = n'jg are equivalent to g preserving the direct sum decompositions, 
so that 





. 


.. 0\ 





82 ■ 


. 





. 


. 






. 


u 


. 


■■ sj 



P = Pl®P2 



>P^^P' = P[®P'2^ 



withg,-: Pi^P'i. 

(iii) The Seifert A-module category Seiod^) has objects Seifert A-modules and 
morphisms as in (ii). Let Sei(A) C 5eioo(A) be the full subcategory of the Seifert 
A-modules (P, e, {tt,}) with P f.g. projective. 



3.4 The covering functor B 

Seifert modules determine F^-link modules by: 

Definition 3.12 (i) The covering of a Seifert A-module (P, e, {tt,}) is the F^-link 
module 

BiP, e, Ui}) = coker(l -e + ez: P[F^] ^ P[F^]) 
with Mayer-Vietoris presentation 

e PAF/A ^ BiP, e, {tt,}) > 0, 

i=i 
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where d = \ — e + ez. 

(ii) The covering of a Seifert A-module morphism g : (P, e, {tt/}) (P',e', {tt-}) is 
the F^-hnk module morphism 



resolved by 



Big) : B(P, e, {tt,}) ^ B(P', e' , Ul}); x ^ g(x) 



P[F^] P[F^^] ^ B{P, e, {tt,}) ^ 







d' 



Big) 



P'lF^] P'[F^] BiP', e', {tt^}) 



with d = I — e + ez, d' = I — e' + e'z. 

Example 3.13 Let I : \_\^ S" C 5""'"^ be a ^-component boundary link with exterior 
W, so that there exists a Z-homology equivalence c: IV Wo to the exterior Wq of 
the trivial //-component boundary link £o : \_\i^S" C 5"+^. The (n+2) -dimensional 
f.g. free -module chain complex 

C{W) = C(6: C{W) ^ C(Wo))*+i 



™+2 



is Z-contractible. For any /i -component Seifert surface V = Vi U V2 U . . . U C S" 
for i there exists a degree 1 map V ^ Vq to the /x-component Seifert surface 
Vq = U„^"+' C for 4. Let 

cm = C(C(Vi) ^ C(£)"+i)),+i , C(V) = Y,C(Vi). 

i=\ 

The map V 5""'"^\y pushing V off itself in the positive normal direction combines 
with chain level Alexander duality to induce a Z -module chain map 

e: C(y)^c(5"+^y,u^{pt.}) c(yr+i-*, 

so that there is defined an (n+1) -dimensional chain complex {C{V)^ e, {tt,}) in »Se«(Z). 
The covering B(C(y), e, {tt,}) is an (n+1) -dimensional chain complex in J^lk{Z), with 
the projection 

C(l-e + ez: C(V)[F^] ^ C(V)[F^]) = C(W) 

B(C(V), e, {m}) = coker(l -e + ez: C(V)[F^] ^ C(y)[F^]) 

a homology equivalence. 
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The covering construction defines a functor of exact categories 

5oo: Sei^{A)^Bla^{A); (P, e, {vr,}) ^ {vr,-}) 
wliicli restricts to a functor B : Sei{A) Tlk{A). 

Definition 3.14 A morphism/ in Sei^{A) is a B -isomorphism if B{f) is an isomor- 
phism in Blaao{A). Let Hqo denote the set of B-isomorphisms in Seioo{A), and let H 
denote the set of B-isomorphisms in Sei{A). 

3.5 Blanchfield/Seifert algebraic transversality 

We shall now use the algebraic transversality of Section 2 to establish that every h.d. 1 
F^-link module M is isomorphic to the covering B{P, e, {vr,}) of a f.g. projective Seifert 
A-module (P, e, {vr,}), uniquely up to morphisms in H. 

We refer to Sheiham [41] for the proof that Boo '■ Sei^^iA) !Flkoo{A) induces an 
equivalence of exact categories Bqo '■ "^^SeioaiA) ~ J^lkooiA). Algebraic transver- 
sality will be used to prove that the universal localization Sei{A) —>■ E^^Sei(A) has a 
calculus of fractions, and that the covering functor B : Sei{A) —>■ J^lk{A) induces an 
equivalence of exact categories 

Given an f^-link module M let U{M) = (M, e^, {vr,}) be the Seifert A-module 
defined in [41] - the definition is recalled in the Introduction of this paper, along with 
the fact proved in [41] that Boo is a left adjoint of 

Uoo ■ BlaooiA) ^ 5eioo(A); M ^ U{M). 

The natural isomorphism of the adjointness 

HomBia^(A)(B(G,/,{p,}),M) ^ Horns e^^iAm,f,{Pi}), U(M)); 

g I — > adj(g) = U{g)h 

is defined for any Seifert A-module {Q,f, {pi}), with 

h: QcQ[F^]^UB(Q,f,{pi}) 

the restriction of the canonical surjection QIF^^ B(Q,f, {p,}). If M is h.d. 1 and 
(2)/) {Pi}) is f-g- projective the natural isomorphism can be written as 

Hom^ifc(A)(B((2,/, {pi}),M) ^ nomse^^iA)iiQ,f, {pi}), U{M)) 
but note that in general U{M) is not a f.g. projective Seifert A-module. 
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The following result establishes that for an h.d. 1 F^-link module M the Seifert A- 

module U{M) is the direct limit of a directed system of f.g. projective Seifert A-modules 
(P, {vTj}) and morphisms in S, with isomorphisms B{P, e, {tt,}) = M. 



Theorem 3.15 (Blanchtield/Seifert algebraic transversality) Let M he m h.d. 1 
F^-link module, with a l-dimensional induced f.g. projective A[Fn]-inodule resolution 

> ^ > M > 

such that e(d) : P ^ P is an A-module isomorphism. 

(i) Let loo be the set of ordered pairs T = {To,Ti) of subtrees Tq,T\ C such that 
d*(Ti) C Tq. The set loo is partially ordered by inclusion, with maximal element 

There is defined a directed system of Seifert A-modules {P{T),e{T),{TTi{T)}) and 
morphisms in Soo 

cP{T,T'): {P{T),e{T),{7ri{T)}) iP{T'),e{T'),{7ri{T')}) (T C T' e loo) 
with direct limit 

lim iP{T),e{T), {7r,-(r)}) = (P(r^), e(r„ax), {7r,-(r„ax)}) = UiM). 

For any T = (To, Ti) G loo the morphism (t){T, T^ax) : {P{T),e{T), {MT}}) ^ UiM) 
is the adjoint (j){T, Tmax) = adj(^(r)) of an isomorphism in Tlk{A) 

m: B(P{T),e{T),{7ri{T)}) M 

such that for any T C T' e loo there is defined a commutative triangle of isomorphisms 
in TlkooiA) 




M 

In particular, (ji^T, Tmax) G '^oo- 
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(ii) Let I C loo be the subset of the ordered pairs T = (Tq, Ti) of finite subtrees 
To, Ti C such that d^T\ C Tq. For T ^ I (P{T),e{T), {'/r,(r)}) is a f.g. projective 
Seifert A -module, and 

lim(,P{T),e{T),{7ri{T)}) = U{M) 
Tel 

with (f){T,T') eE {T QT' e I). 

(iii) For any f.g. projective Seifert A -module {Q,f, {pi}) every morphism 

g: BiQ,f,{pi})^M 

in Tlk(A) factors as 

B{g(T)) (h{T) 
g: B{Q,f,{pi}) BiP{T),e{T),{7ri{T)}) M 

for some T £ I, with g{T): (Q,f,{pi}) (P{T),e{T),{7ri{T)}) a morphism in 
Sei{A). 

Proof (i) The induced f.g. projective A[F^] -module chain complex 

E: Ei=P[F^]^Eo = P[F^] 

is such that Hq{E) = M, H\{E) = 0. By Theorem 2.12 for any subtree T\ C there 
exists a subtree d^{T\) C such that for any subtree Tq C with d^{T\) <^ Tq E 
admits a Mayer- Vietoris presentation 



Ei{T,): 0- 



e cf[F^] 



dc 



Eo{To) : ■ 



®cl;\F,A 



fiz-f[- 



fa ^ to 



-D,[F^^ 

do 

■DoVF^^ 







-Eo 



i=l 



with Cf = P[rf^^] , Dj = P[Tf^] C Ej = P{F^^ (J = 0, 1), 
and dc = ®l,d\ : ef^jC® ^ ef=iC«, dD = d\: D^^ Dq. 
The A-modules defined by 

Pi{T) = coker(J| : cf ^ 
P{T) = cokeridc) = ®t,Pi{T), 
Q{T) = cokerido) 
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fit into a commutative diagram of A[/^^] -modules witli exact rows and columns 



!=1 



dc 



i=l 





do 



■PVF^] 



■PVF^] 



Y 

■M 



Y 





witli/+,/ : P{T) —>■ Q{T) the A-module morpliisms induced by 



It follows from Torf ^^''Va,M) = that/+ - f- : P{T) Q{T) is an A-module 
isomorphism. The Seifert A-module {P{T),e{T), {7r,(r)}) defined by 



e{T) = (f+ -rrY : P{T) ^ P{T), 7ri{T) : P{T) ^ Pi{T) ^ P{T) 



is such that P{T)[F^] = Q{T)[F^] —>■ M induces the isomorphism of Blanch- 
field A [F^] -modules 0(r) : B(P{T),e{T),{Tri{T)}) ^ M adjoint to the natural map 
iP{T),e{T),{7ri{T)}) ^ [/(M). (In particular, (/'(r^ax), e(r,,ax), {vr,-(r^ax)}) = U{M) 
and (piTmax) '■ BU{M) = M is the natural isomorphism TpM defined in [41, 5.10].) For 
r C r' G / the 5-isomorphism (j){T, T') is induced by the inclusion T C. T' . 



(ii) The augmentation of the A [F^] -module morphism d: P[F^] —>■ P[F^] is an 
A-module isomorphism e{d) : P P,so that the induced A [F^] -module morphism 
d : P[Ffjl] —>■ P[F^] is an isomorphism, by Proposition 3.1. For any T = (Tq, Ji) G / 
the inclusion P[Tf^] P{F^ is a split A-module injection by Proposition 3.3. 
Let s: P[Ff^] P[T^i'''~\ be a splitting A-module surjection. The anticlockwise 



Qeometry & Topology 10 (2006) 



1810 



Andrew Ranicki and Desmond Sheiham 



composition of the morphisms (inverting d) in the diagram 

s 




defines an A-module surjection P[r^°^] ^ P[jf^] splitting d\ : P[Tf^] P[Tf^] . 
Thus d\ is a split injection of f.g. projective A-modules and P{T) = coker(J|) is a 
f.g. projective A-module. 

(iii) The morphism g : B(Q,f, {p,}) — M in Flk{A) has a canonical resolution 







adj(g) 

/'(rniax)[^M]- 



adj(g) 



-B{QJ,{pi}) 
8 

Y 

>M 



^0 







with 

adj(g): (Q,f, {p,}) ^ {7r,(r^ax)}) = f/(Af) 

the adjoint morphism in Seiooi^)- Since Q is f.g. projective there exists Tel such 
that 

im(g: B(Q,f, {p,}) ^ M) C im(S(P(r), e(r), {7r;(r)}) ^ M) 

with a Mft of g to an A-module morphism g{T): Q ^ P{T) which preserves the direct 
sum structures. The diagram of A-modules and morphisms 

/ 



{T) (*) 




e(T) 

P{T) — ^P{T) 




U(M) 



U{M) 
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commutes except possibly in (*), and (*) commutes if and only if 

g{T): {QJ,{pi}) ^ {P{T),e{T),{TTi{T)}) 
is a morphism of Seifert A-modules. Since Q is f.g. projective and the composite 

g^(n/-(T>^ P(r) U{M) = hmP{T') 

T'ei 

is there exists T' ^ I such that T (IT' and the composite 

g{T')f-e{T')g{T'): Q ^^^^^''^^^^^^^ ^ ^ p(r') 

is 0, so that 

8{T'): (Q,f,{Pi}) - (P{T'),e{T'),{MT')}) 
is a morphism of Seifert A-modules as required (except that T' has to be called T). □ 

Definition 3.16 Let M = B{P, e, {tt,}) for a f.g. projective Seifert A-module 

(P,e,{7Ti}). 

(i) For any T e loo let 

s{T) : iP,e, {m}) ^ iP{T),e{T), {MT)}) 
be the 6-isomorphism determined by the inclusion P = P[{1}] C P[7q*'^] . 

(ii) For T = T^ax € ^oo write 

SM = s{Trn^) : (P, e, {tt,}) ^ iP{Tm^),e{Tr^^), {7r,(rmax)}) = UiM). 
This is the S-isomorphism adjoint of 1 : M ^ M, such that 

SM : (P, e, {vr,-}) {tt,-}) ?7(M) 

for any T e I^o- 

Putting everything together: 

Theorem 3.17 (i) Every h.d. 1 Ff^-link module M is isomorphic to the covering 

B{P, e, {vr,}) of a f.g. projective Seifert A-module (P, e, {tTj}). 

(ii) For any f.g. projective Seifert A -modules {P, e, {vr,}) , (Q,/, {pi}) every morphism 
8 ■■ B(Q,f, {pi}) B(P, e, {TTi}) in rik{A) is of the form g = B(s)-^B(t) for some 
morphisms 

s: (P,e,{Tri})^iP',e',{nl}), t: (Q,f,{pi})^(P',e',Wi}) 
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in Sei{A) with s G H. 

(iii) If u: (Q,f,{pi}) — > (P, e,{7r,}) is a morphism of f.g. projective Seifert A- 
modules such that B(u) = there exists an element v : {P, e, {tt,}) (P', e', {vr-}) in 
E such that vu = 0. 

(iv) The locaUzation E~^Sei(A) has a left calculus of fractions, and the covering 
construction defines an equivalence of exact categories 

B: E~^Sei{A) nk{A)- {P,e,{Tii}) ^ B{P,e,{^i}). 

Proof (i) By Theorem 3.15 (i)-(ii) M is isomorphic to B(P{T),e{T),{TTi{T)}) for 
any T ^ I, e.g. for the minimal element Tmin = ((i*{l}, {1}) G /. 

(ii) By Theorem 3.15 (iii) the adjoint of g factors in 5eioo(A) as 

adi(p) 

(e,/, {Pi}) — UB{P, e, {vr;}) 

{P{T),e{T),{7Ti{T)}) 

for some T £ I. The morphisms in Sei{A) defined by 

s = s{T) : iP,e, {vr,-}) ^ iP',e', {ttI}) = {P{T) ,e{T) , {^{7)}) 
t = 8{T) : iQJApi}) ^ iP',e',{7r',}) = {P{T),e{T),{TTi{T)}) 

are such that 5 is a B-isomorphism (ie G H) and g = B{s)~^B{t). 

(iii) Let M = B{P, e, {vr,}). We have a commutative diagram in SeioaiA) 

adj(B(M)) = ^^^^^^ 

{Q,f, {pi}) ^ U{M) 




u 

Since Q is f.g. projective there exists T G / such that 

V = ^(r) : (/',e,{^,-}) ^ {P{T),e{T),{^i{T)}) 
is a B-isomorphism in Sei{A) (ie v G H) with vm = 0. 

(iv) Immediate from (i)-(iii). □ 
This completes the proof of Theorem B of the Introduction. 
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4 Primitive Seifert modules 

This section is devoted to the kernel of the covering functor B : Sei(A) {Flk(A). 
Following the terminology of Sheiham [41]: 

Definition 4.1 (i) A Seifert A-module (P, e, {tt,}) is primitive if 

B{P,e,{TTi}) = 

or equivalently 1 — e + ez- P[F^] —>■ P[F^] is an A[P^j] -module isomorphism. 

(ii) Let Vrim{A) C Sei{A) be the full subcategory with objects the primitive f.g. pro- 
jective Seifert A-modules. 

We shall now obtain an intrinsic characterization of the objects in Vrim{A) , generalizing 
the results for /x = 1 recalled below. 

Definition 4.2 (Liick and Ranicki [28, Section 5]) A near-projection (P, e) is an 
A-module P together with an endomorphism e G End^CP) such that e{\—e) G EndA(P) 
is nilpotent. 

Proposition 4.3 (Bass, Heller and Swan [5], Liick and Ranicki [28]) 

(i) A linear morphism of induced f.g. projective A[z] -modules 

fo+fiz: P[z]^Q[z] 
is an isomorphism if and only iffo+fx: P ^ Q is an isomorphism and 

e = ifo+hr'fi: P^P 

is nilpotent. 

(ii) A linear morphism of induced f.g. projective A [z , ' ] -modules 

fo+fiz: P[z,z'']^Q[z,z~'] 
is an isomorphism if and only iffo+fi: P ^ Q is an isomorphism and 

e = (fo+fir'fi- P^P 

is a near-projection. 

(iii) Suppose that {P, e) is a near-projection, or equivalently that 

l-e + ze: P[z,z'^] ^ P[z,z-^] 
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is an A[z, z ^]-module automorphism. IfN^O is so large that (e(l — e))^ = then 

e'^ + il-ef: P^P 
is an A-module automorphism, and the endomorphism 

e^ = (e^ + (l-efr'e'': P^P 
is a projection, with e^{l — e^^) = 0. The submodules of P 

P+ = (1 - e^){P) = (1 - efiP) = {xeP\il-e + ezT'eix) G 

P- = e^(P) = e^(P) = {xeP\(\-e + ezr\l - e)(x) G z'^Piz-^]} 
are such that 

(P,e) = (P+,e+)®(P-,e-) 
with e+: P+ P+ and I - e~ : p- ^ P' nilpotent. 

Definition 4.4 A f.g. projective Seifert A-module {P, e, {tt,}) is strongly nilpotent if 
the A[F+] -module endomorphism 

ez = Y,^'KiZi: P{F+]^P[F+] 

i=\ 

is nilpotent, ie {ez)^ = for some N ^ I. 

The condition for strong nilpotence is equivalent to the A [F^^] -module endomorphism 

ez = Y,^^i^i- nF^,]^P[F^] 
i=l 

being nilpotent. 

Expressed as a representation of the complete quiver , a Seifert module (P, p : ^ 
EndA P) is strongly nilpotent if and only if there exists N ^ I such that p(p) = for 
every path p E Q/j, of length ^ A^. 

Proposition 4.5 The following conditions on a f.g. projective Seifert A-module 
(P, e, {tt,}) are equivalent: 

(i) (P, e, {tt,}) is strongly nilpotent, 

(ii) the A [F+ ] -module endomorphism 



l-ez: P[Fp-^P[F;] 



is an automorphism. 
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(iii) the A [F+ ] -module endomorphism 

l-e + ez: P[F+] ^ P[F+] 

is an automorphism. 

Proof (i) =^ (ii) If (ez)^ = then \ — ez has inverse 

(1 - = l + ez + {ez? + ■■■ + {ezf-^ 

G Hom^j^+j(P[F+],P[F+]) = HomA(P,P)[F+]. 
(ii) =^ (i) The inverse of \ — ez is of the form 

(1 - ez)-' = Yl Ah...k^X ■ ■ ■ 4' ■■ P^Fp ^ P[F+] 

1 ^ i'l, (2, ■ . ■ ,k ^ H 

n\,n2, . . . ^ 
«i + "2 H hrik <N 

for some ^ 1 . We have the identity 

(1 - ez)-' -(l+ez + {ezf + ■■■ + {ez"^-') = (1 - ez)-\ez)^ 

e Hom^j^+j(P[F+],P[F+]) = nomA(P,P)[F+] 

in which the left hand side is a sum of monomials in Ziiz'i2 ■ ■ ■ zll of degree n\+n2 + 
■ ■ ■ + nk <N and the right hand side is a sum of monomials of degree ^ A'^. Both sides 
of the identity are thus 0, 

(ezf = 0: 
and (P, e, {tt,}) is strongly nilpotent. 
(ii) (iii) Immediate from the identity 

\-e + ez=l-e{l-z): ^ 
and the change of variables z/ 1-^- 1 — z, . □ 

Definition 4.6 A ^u-component Seifert A-module (P, {tt,}) is a near-projection if 
it can be expressed as 

(P, {tt;}) = (^P+ e P-, j , {T^t} ® {T^n 

and the 2/^ -component Seifert A-moduIe 
is strongly nilpotent. 
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Lemma 4.7 For a near-projection (P, e,{7r,}) the pairs (P,e), (P,e') are near- 
projections. 



Proof We have a decomposition P = P^ © P with respect to which e' is strongly 
nilpotent. Now 



e{l - e) 



-e++e+- +e+-{\ - e—) 
+e (1 - e ) ^ 







h+ 


e-+ 




^ 1 


e++ 


_ (e++)2 _ e+- 


-e-+ 


e-+ - 


- e — 


-e-+ 


e++ 


- - e+- 


-e-+ 


e-+- 


- e — 


-e-+ 



-e ' e ' 



+ il-e—)-{\-e—f 



The matrix 





-e+- 


e-+ 


1 - e— 



denotes a strongly nilpotent representation of the complete quiver on 2/x vertices. 
In the following illustration fi = \ : 



Now each entry in the 2n x 2/i matrix e{\ — e) above is (the image of) a linear 
combination of paths of length at least one in the quiver Hence each entry of (e(l — e))^ 
is the image of a sum of paths of length at least A'^. It follows that (e(l — e))^ = for 
some N ^ I. 



The pair (P, e') is a near-projection since e' : P ^ P is nilpotent. 



□ 



For ^ = 1 there is no difference between a near-projection (P,e, {vr,}) and a near- 
projection (P, e). For /i ^ 2 a near-projection (P, e, {tt,}) has (P, e) a near-projection 
(Lemma 4.7) but the splitting (P, e) = (P+, e+) © (P^ , e~) given by Proposition 4.3 
does not in general extend to a direct sum decomposition of Seifert A-modules 

iP,e, {TTi}) = (P+,e+, {7r,+}) © {p-,e-,{TTr}). 

This is illustrated by the following example. 
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Example 4.8 Let A be a field, and consider the 2-component Seifert A-module 
(P,e,{7ri,7r2}) given by 



P=A\ 



/ 

1 





V 1 



\ 

1 




1/ 



/l o\ 

10 



\0 0/ 



TT2 



/O o\ 



10 

\0 1/ 



In this case e: P ^ P is a projection, with e(l — e) = 0. This f.g. projective Seifert 
A-module has just one submodule 



namely 



(P, e,{Tri, TTi}) C (P, {vri , tti}) 
P = e{P) = {(0,x,0,y) eP\{x,y)e A^}. 



It is not possible to decompose {P, e, {tt\ , vri}) as a direct sum, since (P, e, {ffi , ffi}) is 
not a summand. Neither e nor 1 — e is nilpotent but 



\ — e + ez 



1 1 












( 1 























Z\ 


Z2- 1 










1 


Z2-1 










Zl 











1 













1 













1 










Zl) 




U-1 








l) 













and 



/ 




\zx~ 



o\ 

Z2-1 



1 0/ 



= 



so 1 — e + ez is invertible. Moreover, {P, e, {tti, tti}) is a near-projection, with 

p+=Aeoeoeo, Pf = oeAeoeo, pJ = oeoeAeo, pj = oeoeoeA 

such that 

/O 0\ 
10 



\i oy 

is strongly nilpotent. 



P = P+ 



The main result of this section is: 
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Theorem 4.9 A f.g. projective Seifert A -module (P, e, {vr,}) is primitive if and only 
if it is a near-projection. 



e-+ 1 - e- 



Proof Suppose that {P,e, {vr,}) is a near-projection, with e' 
strongly nilpotent. We have 

1-e+ez = l-e(l-z) 

\-e++{\-z) -e+-{\-z)\ 
-e-+{\-z) \-e—{\-z)) 

l-e++(l-z) e+-(l-z-i) \ /I 
-e-+{l-z) )(l-z-'V VO z. 



(P+ep-)[F„]. 



It follows from the strong nilpotence of e' that e\{\ — z) © (1 — z ^)) is nilpotent, and 
hence that 

1 - e(l - z) = (1 - ^''((l - z) © (1 - z-')))(l © z) : (P+ © P-)[f ^] ^ (P+ © P-)[F/,] 

is an isomorphism, so that B(P, e, {vr,}) = and (P, e, {tt,}) is primitive. 

Conversely, suppose that (P, e, {vr,}) is a primitive f.g. projective Seifert A-module, ie 
such that the A[F^]-module morphism 

is an isomorphism. We shall use a variant of the Cayley tree (Definition 1.3) to 
prove that 1 — e ^ ez'- P[P^] P[P^] is a near-projection. Define 

= = {(w'^Z/w^) I w E P^, / G {1, 2, . . . , /x}} 

so that there is defined a right P^ -action 

X P^ ^ G^; (w, g) wg. 
For each / = 1,2,...,/^ partition P^ as 

P^=P+''UP-'U{1} 
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with F'^'^ (resp. F^'') consisting of the reduced words in Zi,Z2, • • • which start 
(resp. do not start) with Zi- Removing the edge disconnects G^, and the 

complement is a disjoint union of trees 



- {(w, Ziw)} = G^(w, Ziw) U (w, Ziw) 



with 



G^(w,ziwf'> = F+''w, G^(w,ziwf^ = (F-'' U 



In the diagram 



ez 



zrPi 



ez 



1-e 



P, 



1-e 



ez 



ez 



ZiP 



1-e 



1-e 



z.Pi 



we are placing the components of the range (resp. domain) PiF^j] at the vertices 
(resp. edges) of G^, with the A-module wP at w G and the A-module wPi at 



(w, Ziw) & G^ .An element 



7^(1) 



is sent to 



(1 - e){x) + ezix) e P[Ff,] = ^ wP, 



as indicated by the arrows in the diagram. For i= 1 , 2, . . . , /x define the A-modules 
/>+ = L G Pi I (1 - e + ez)-^ez{x) G ^ wP I , 



PJ = \x^Pi\{\-e^ ezT^iX - e)(x) ^^Pi®Y^ wP\ 
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An element G P, belongs to Pf if and only if there exist elements y^{w) G P 
{w G F^'') such that 

ez{x+) = (I - e + ez)( ^J'^C^)) ^ ^'^^ W 

There is one component y^{w) for each edge in G^(l,z,)^^\ and one equation for each 
vertex in G^(l, • Similarly, an element x~ G Pi belongs to P^ if and only if there 
exist elements yj G Pj (J ^ i) and y~(w) G P (w G FJ^'') such that 

i{l-e)(x-),0) = {l-e + ez)\y2yj+ ^'Mj^P® Yl ^**) 

There is one component (/' / /)or)'~(w) for each edge G^(l,z;)*^^\ and one equation 
for each vertex in ( 1 , Zi)^^^ . For i= 1,2,...,// partition 

/r+>' — E'++>' I I T7 — ^-)' /r->' — /tH — >' I I J7 — >' 

with FJ^"*"'' consisting of the words w = zfg" . . . zf* G with (jq, eo) = (/, +), ek = oi, 
and FJJ~'' consisting of the words w = Zi° ■ ■ ■ zll G F^ with (/q, eo) 7^ (i, +), = a. 
For any x+ G Pf and w G F^^'' we have that y^{w) G , as given by all the terms 

_|_ 

in (*) involving G (w,z,w). Similarly, for any x~ G F,~ and w G F^^'' we have that 
y^{w) G F", as given by all the terms in (**) involving G (w, Ziw). 

Regarded as an A-module isomorphism \—e+ez : F[F^] ^ F[F^] can be expressed as 



l—e+ez = 

( ez\ {\-e+ez)\ 
\{l-e)\ (l-e+ez)| 



F,® ( yvp\ ® fe/'y-e ^ wF^ 

^ wFj ® ip®^wP 



so that there is induced an A -module isomorphism 



ez\ 



(l-e)l 



F/^ fcokerm-e + ez)|: Y^^^Y^^]] 

® fcokerUl -e + ez)\: Y^i® ^ wF ^F® ^ wp\ j 
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with 



{\-e + ez)-'ez{Pt) C ^ "^^t ' 

^■=1 W&F++'' J=^ weF-+-' 



il-e + ezr'il - e){Pi) C ^ E ® E E ""^i 
For a, fie {±} let 



be the A -module morphisms such that 



P = Y^Pi^ ® -^P = © Pp- 



!=1 



Let 



be the A -module morphisms such that 



—(l-e+ez) ^ez\ 



: Pt 



E -^;®E E 



-(l-e+ez)-i(l 



E E 



^■=1 VVGF+-'' 
E E >^^;7 
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Composing with \ — e + ez gives 
(*) 



E( E + E ^^^^^7* ^fa-^(^)): 

<-4n = E ( E + E ''Zke+fv^r{w)\ : 

Pr^E^' 



) = e( E%^^^*i w+E^^*Ofe ^fc/ (^^)- 



Comparing the coefficients of Zi and 1 gives 



Writing 







)-{ 




V 





V+ \ _ e+-\ (u++ v+-^ 

, e 1 — e / I —e e / I ^ v 



: P^ ®P~ ^P^®P', 



we thus have 



Geometry & Topology 10 (2006) 



Blanchfield and Seifert algebra 



1823 



Let oil' be the quiver with 2/x vertices (/, and one edge (/q, cq) ei) 

for each pair of vertices with (jq, eo) 7^ (ii, — ei). (The path ring is given by 



Z[s] * Z 



i=l 



T^i", , ■ • • , 7r+, TTj , . . . , TT^ I 7rf 7rf = Sa/sSij-rrf , ^(tt,^ + tt,- ) = 1 



where irfsir^ ((/, a) 7^ (/, — /?)) corresponds to the unique path of length 1 from (j, a) 
to (/, /?).) In the illustration /x = 2: 



Regard a word w = Z/o^zf/ . . . Z;* G as a path of length |w| = A: in Q^' 

(io, eo) (/i, ei) ^ > (4, e^;) 

and for A: ^ 1 define an A-module morphism z/(w) : Pf" — >^ Pf/ as follows. Define 



with 



For /: = 1 set 



and for A: ^ 2 set 



if (eo,ei) = (+,+) 
zt4l if (eo,ei) = (+,-) 
z;/ if (eo,ei) = (-,-) 
1 if(eo,ei) = (-,+). 



The identities 
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may be verified by induction on k, since both sides satisfy the equations (*) and so 

-{\-e + ez)~^ez\ = ^ wv{w) : Pf ^ ^ wP, 



-{l-e + ezr\l -e)\ = Y^ ^/ + Yl ^^^^^ ' ^Y.^j®Yl 

For a, /? G {it} let be the set of paths 

(/o, eo) ^ (/i, ei) ^ • • • ^ (4, ek) 
in Gm' with eo = a, Cyt = /?. The A[F^]-module endomorphism 

'l ' 



is such that for any N ^ I 



zr 



^ ^ wz^^"'"(h') ^ wi/"'" (w)\ 

»'6FJ+,|w|=/V weFj",|n'|=A' 
\w'6f^+,|vv|=A' ,,.£^--,1^1=^ / 

(P+ © P-)[F^] ^ (P+ © P-)[P^]. 

If ^ 1 is so large that 

il-e + ezT^ = XI • '^t^^] ^ ^^^^^ ^ HomA(P;o, P,,)), 

M'eF^,|w|<A' 

then for any word w E P^ of length |w| = k > N 

Kw) = 0: Pt^Pt- 
The 2;U -component Seifert module 



(P',i/',^')= P 













©p~, 







,{7r+©7rr} 



is strongly nilpotent, with {v z ) = 0, regarding as free group on 2/u generators 
Zj,Z2, • • • ,Z2u and letting 



/z'l ... 0\ 
z'2 ... 







P'{F2^^^P'{F2^l 
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Define the 2/i -component Seifert module 



{P',e',7r')=[P+(BP-, i_V-J 'i^'^®^r}J- 

Applying the augmentation e : z,- i— > 1 to the A [f^] -module morphisms 

-(E^t" + E ■ ^ ^[^.] ^^^^ ^[^-.1 

shows that the components of e' are given by linear combinations of paths of length 
> 1 

e++ = - ^ v{w): P+ ^ P+, 
e-+ = - ^ KwjiP+^P", 
= - ^ u{w): P- ^P+, 
\-e =- ^ Kw): P" ^ P". 

The A [p2/x] -module endomorphism e'z' '■ P'lFi^A P'lFifA is nilpotent, with 

(e'z'f = 0, 

so that (P, e, vr) is strongly nilpotent. □ 
This completes the proof of Theorem C of the Introduction. 

5 Algebraic TIf -theory 

We shall obtain our results on the algebraic /T-theory of A[P'^] and Blanchfield and 
Seifert modules using the Waldhausen [50] algebraic /T-theory of categories with 
cofibrations and weak equivalences, and the noncommutative localization algebraic 
-theory exact sequence of Neeman and Ranicki [30, 31]. 
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5.1 The algebraic iST -theory of exact categories 

The higher algebraic /('-groups Kn(£) of an exact category £ are defined by Quillen 
[32] to be the homotopy groups of a connective spectrum K{£) 

Trn{K{£)) = Kn{£) (n^O) 

with Ko{£) the Grothendieck class group. The idempotent completion £ —>■ V{£) 
induces an injection Kq{£) — > Kq(V(£)) and isomorphisms Kn(£) —>■ K„(V{£)) for 
n ^ 1, by the cofinality theorem of Grayson [21]. The lower /T-groups K„{£) 
(n ^ — 1 ) are defined by Schlichting [38] (following on from the definitions of Karoubi 
and Pedersen-Weibel for the lower A'-groups of filtered additive categories) to be the 
lower homotopy groups of a nonconnective spectrum KV{£) such that 

^n{KV(,£)) = K„{V{£)) {n G Z), 

with Kn{£) = Kn{V{£)) for « / 0. 

The algebraic ^T-groups of a ring R are the algebraic -groups of the idempotent 
complete exact category £ = Vroj{R) of f.g. projective /? -modules 

K„{R) = K„{Vroj{R)) (n G Z), 

as defined for — oo < n ^ 1 in Bass [4], and for 2 ^ n < cxd in Quillen [32]. 
The nonconnective spectrum defined by K(R) = KV(Vroj(R)) has homotopy groups 
Tr^{K{R)) = K,{R). 

A Waldhausen category (C, w) is a small category C with cofibrations together with a 
subcategory w C C of weak equivalences satisfying the axioms of [50]. As usual, there 
is defined a connective algebraic /T-theory spectrum 

K{C,w) = n\wS.C\ 

with homotopy groups the algebraic iiT-theory groups 

Kn{C,w) = nn{K{C,w)) (n^O). 

A functor F: (C, w) — > (C, w') of Waldhausen categories induces a long exact sequence 
of algebraic -groups 

^ K„+,{F) K„{C, w) ^ KniC w')^ Ko{F) 

with Kn{F) = TTniF : K{C , w) ^ K{C', w')) {n ^ 0). 
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As in Thomason and Trobaugh [45, 1.9] we shall only be considering Waldhausen 
categories (C,w) which are 'complicial biWaldhausen', so that in particular C is a 
full subcategory of the category of chain complexes in an abelian category A, the 
cofibrations are chain maps which are split injections in each degree, w contains the 
quasi-isomorphisms ( = the chain maps inducing isomorphisms in homology), and 
which in addition are closed under the formation of canonical homotopy pushouts and 
puUbacks. 

The homotopy (or derived) category [45, page 269] of a Waldhausen category (C, w) is 
the category of fractions 

D(C,w) = w-^C, 

which is a triangulated category under the above hypotheses. The idempotent completion 
VD(C, w) is then also triangulated (Balmer and Schlichting [2]), and the class groups 
Ko(D(C,w)), Ko(VD(C,w)) are defined, with Ko(,D(C,w)) = Ko(C,w). Schlichting 
[38] defined the lower ^-groups K„{VD{C, w)) for n ^ —1 for Waldhausen categories 
as above, and constructed a nonconnective spectrum KV{C, w) with homotopy groups 



Tln{KV(C,w))=KVn(C,w) 



K„{C,w) forn^l 
Ko{VD{C,w)) for?i = 
KVn{C,w) forn^-1. 



A functor F: {C,w) {C , w') of Waldhausen categories induces a long exact sequence 
of algebraic ^-groups 

^ KVn+\{F) KV„{C, w) ^ KVniC, w') KVniF) ^ • • • , 

with KVniF) = TT„{F: KV{C,w) KV{C',w')) (neZ). 

Given an exact category £ let C^(<S) be the category of bounded chain complexes in £ 
and chain maps. An object C in C^(£) is acyclic (in the sense of Keller [24, Chapter 
11]) if each differential d: Cr ^ Q-i factors as Cy ^ Zy ^ Cr~\ with 

exact. A morphism/: C ^ D in C^{£) is a quasi-isomorphism if the mapping cone 
C(f ) is chain equivalent to an acyclic complex. If £ is fully embedded in an abelian 
category A with the embedding closed under extensions and the idempotent completion 
V{£) is closed under taking kernels of surjections then a quasi-isomorphism is the same 
as a chain map inducing isomorphisms in homology in the ambient abelian category A 
[45, Appendix A]. 
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Let {C^{£), ) be the Waldhausen category with cofibrations the chain maps which are 
degreewise split injections, and ws C C^{£) the subcategory of quasi-isomorphisms. 
The derived category 

D^S) = D{C\£),W£) 

is the category of bounded chain complexes in £ and fractions of chain homotopy 
classes of chain maps, with denominators quasi-isomorphisms. As usual, let K^{£) be 
the category of bounded chain complexes in £ and chain homotopy classes of chain 
maps, and let wK^ C K^(£) be the subcategory of quasi-isomorphisms: the localization 

D\£) = {wKs)~'k\£) 

has both a left and a right calculus of fractions. The derived category D^{£) is a 
triangulated category [45, 1.9.6]. Balmer and Schlichting [2, 2.12] prove that the 
idempotent completion of the derived category is the derived category of the idempotent 
completion 

VD^{£) = d\V(£)) 
and the algebraic ^-groups are such that 

'k„{C\£), ws) = Kn{£) for « ^ (Gillet [20]) 

< 

KVn{C\£), we) = Kn{V{£)) torn e Z (Schlichting [38]). 

By [45, 1.9.2] the Waldhausen category defined in the same way but with cofibrations the 
chain maps which are degreewise admissible monomorphisms has the same algebraic 
^T-theory. 

Definition 5.1 Let F : £ ^ V be a functor of exact categories. 

(i) The algebraic K -groups KV*(£, V) are 

KVn{£, V) = KVn{C\£, V), Wis^v)) (n G Z) 

with {€''{£, V),w^£^v)) C (CH£),W£) the Waldhausen subcategory with €''(£, V) C 
C^{£) the full subcategory with objects the bounded chain complexes C in £ which are 
chain equivalent in V to acyclic complexes, and 

w^e^v) = W£ nC''(£,V) c C''(£,V) 

the subcategory of the quasi-isomorphisms. 

(ii) The algebraic TK-groups of F are 

TKn{F) = KVn{C\£), wv) {n G Z) 
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with wx> C C^{£) the subcategory with morphisms the chain maps in £ which become 
quasi-isomorphisms in D, or equivalently such that the mapping cones are in C^(iS, V). 

The groups TK^{F) are the algebraic /T-theory analogues of the algebraic L-theory 
groups r^,(F) of Cappell and Shaneson [8]. 

Theorem 5.2 Let F : £ V be a functor of exact categories. 

(i) The algebraic K-groups fit into a commutative braid of exact sequences 



F 




KVn{£,V) KVn{£) KVniV) 




KVn+l{F) TKniF) 




KVn+i{V) KVn+y{TF) KVn-i{£,V) 




with TF : {C\£), wv) (C'iV), wv) induced by F. 

(ii) IfTF : VD{C\£), wv) ^ VD{C^{V), wv) is an equivalence of categories then 

KV^{TF) = 0, KV^+iiF) ^ KV^{£,V), TK^iF) ^ KV^{V) 
and the braid of (i) collapses to the exact sequence 

^ KVn+l{V) ^ KVn{£, V) ^ KVn{£) KVn{V) ^ • • • 

(iii) The hypothesis of (ii) is satisfied if F: £ ^ V = Ti^^£ is the canonical functor 
to a category of fractions and V has a calculus of left fractions. 

Proof (i) The cases n ^ are a direct application of the version of the localization 
theorem of [50, 1.6.4] stated in Theorem 2.3 and Lemma 2.5 of Neeman and Ranicki 
[31], with 

TZ' = D{C'\£, V), w^£,v)) CS' = D{C\£), we), « D{C\£), wv), 

R = {C\£, V), w(^£,v)), S = iC\£), W£), T = Sr = iC\£), wv) 

giving a fibration sequence of connective spectra 

K{C\£, V), w^e,v)) ^ K{C\£), we) ^ K{C'{£), wv). 
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The cases « < follow from Theorems 2.4, 3.7 of [31] and Schlichting [38, Theorems 
1,9], which give a fibration sequence of nonconnective spectra 

KV{C\£,V),W(s,V)) ^ KV{C\£),ws) ^ KV{C\£),wv). 

(ii) This is a direct application of the Approximation Theorem of Waldhausen [50, 
Theorem 1.6.7]: if F : (C, w) —>■ (C, w') is a functor which induces an equivalence of 
the homotopy categories F : D(C, w) D{C' , w') then F : K(C, w) K{C\ w') is a 
homotopy equivalence inducing isomorphisms F : K^{C,w) = K^{C' ,w'). Similarly, 
if F: VD(C,w) VD(C',w') is an equivalence there are induced isomorphisms 
F: KV^iC,w) ^ KV^iC',w') ([38]). 

(iii) Every object D in C^{V) is chain equivalent to F{E) for an object E in C'\£), and 
the functors F: C\£) C\V),F: D{e''{£), wv) ^ DiC\V), wv) are localizations. 

□ 

Definition 5.3 (i) Write the algebraic A'-groups of the exact categories Vrim(A), 
Sei{A), Bla{A), J'lkiA) as 

Prim,(A) = K,.{Vrim{A)), Sei*(A) = K^{Sei{A)), 

Bla*(A) = K^iBla{A)), Flk,(A) = K^{rik{A)). 

(ii) Write the algebraic -groups of the idempotent completion of the homotopy 
category of {C^{Sei{A),Bla{A)),W(Sei(A),Bia(A))) as 

(Sei,Bla),(A) = KV,{C\Sei{A),Bla{A)),w^se^(A)fila{A)))■ 

Proposition 5.4 The covering functor B : Sei{A) Bla{A) induces morphisms 
B : Sei*(A) — > Bla,,(A) which fit into a long exact sequence 

^ (Sei, Bla)„(A) — ^ Sei„(A) Bla„(A) — ^ (Sei, Bla)„_i(A) — ^ • • • 

with 

im(S: Seio(A) Blao(A)) = Flko(A) C Blao(A). 

Proof Apply Theorem 5.2 (iii) with 

F: £ = Sei{A)^V = r.-^Sei{A) « J^/A;(A), 

noting that Sei{A) is idempotent complete (Proposition 3.10 (i)), that 
!Flk{A) has a left calculus of fractions by Theorem 3.17, and that Bla{A) 
(Proposition 3.10(ii)). 



H-i5ef(A) ^ 
« ViJ'lkiA)) 

□ 
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In the next section it will be shown that the functor 

VrimiA) ^ C\Sei{A), Bla{A)); (P, e, {^,}) ^ ( . ^ (P, e, {vr,})) 

induces isomorphisms of algebraic /T-groups Prim=K(A) = (Sei, Bla)*(A). 

5.2 The algebraic iS^ -theory of noncommutative locaUzations 

Given a ring R let M.od{R) be the abelian category of /? -modules, so that Vroj{R) C 
M.od{R) is an exact subcategory. Write the Waldhausen category of Vroj{R) as 

(C\R),wr) = {C'{Vroj(R)),wvromy 

An object in C^{R) is a bounded chain complex C of f.g. projective 7? -modules; C is 
acyclic if and only if H^{C) = 0. A morphism/ : C ^ D in C^{R) is a chain map; / is 
in wr if and only if/* : H^{C) —>■ H^{D) is an isomorphism. The algebraic ^-groups 
of R are given by 

K,{R) = K,{Vroj(R)) = KV,{C\R),wr). 

A ring morphism J^: R ^ S induces a functor of abelian categories 

jr^Sf^R-: Mod{R) ^ Mod{Sy, P^S<g)RP 

which restricts to an exact functor F : Vroj(R) — > Vroj(S). There is also induced a 
functor of Waldhausen categories 

J^: {C\R),wr) ^ {C\S),ws); C^S<E)rC. 

The relative homotopy groups of J^: K{R) K{S) are the relative ^T-groups K^{J^) 
in the long exact sequence 

^ Kn{R) K„{S) ^ Knir) Kn-l{R) • • • . 

Let 7? be a ring, and let S be a set of morphisms of f.g. projective 7? -modules. A 
ring morphism R ^ T is, T,-inverting if each (s: P ^ Q) ^ H induces a T-module 
isomorphism 1 5: T 0r P ^ T ^r Q. By Cohn [10] there exists a universal 
T,— inverting localization ring morphism 

such that any S -inverting ring morphism R T has a unique factorization 

R — ^ S ^ T. 
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The category of fractions S ^Vroj(R) is equivalent to the full subcategory 

VrojiiiS) C VrojiS) 

with objects isomorphic to the f.g. projective 5-modules T,^P = S ®r P induced 
from f.g. projective 7?-modules P, and Vroj{S) = V{Vroj ^{S)) is the idempotent 
completion. 

Definition 5.5 (i) For any ring morphism !F: R ^ S write the Waldhausen categories 
defined in Definition 5.1 as 

(C'^iVrojiR), VrojiS)), W(j:yroj{R),Vroj(S))) = {C^{R, S), 

{C\Vroj{R)),ws) = {C\R),ws) 

with corresponding nonconnective algebraic iiT-theory spectra 

KV{C'{R, S), W(«,5)) = K{R, S), KV{C\R), ws) = TK{J^) 

and algebraic K-g roups K^(R,S), TK^iJ"). An object in C\R,S) is a bounded chain 
complex C of f.g. projective 7? -modules such that H^(S 0r C) = 0. A morphism 
/ : C ^ D in C^iR, S) is a chain map; / is in W(r^s) if and only if/* : H^{C) —>■ H^{D) 
is an isomorphism. A morphism / : C ^ D in C^{R) is in ws if and only if 
1 (g)/ : H^(S ®R C) H^(S ®R D) is an isomorphism. 

(ii) For an injective universal localization : R S = T,^^R let H{R, E) be the 
exact category of h.d. 1 "E-torsion R-modules, ie the cokernels of injective morphisms 
s: P — > 2 of f.g. projective 7? -modules which induce an 5-module isomorphism 

\®s: S(g)RP ^ S(g)RQ {eg if s eE). 

(iii) (Neeman and Ranicki [30, 31]) A universal localization T: R S = T,^^R is 
stably flat if 

Torf{S,S) = (/^l). 

In particular, a universal localization J^: R S is stably flat if 5 has flat dimension 
^ 1 as an /? -module, ie if there exists a 1-dimensional flat /? -module resolution 

^ Fi ^ Fo ^ S ^ 0. 

Proposition 5.6 (i) For any ring morphism T : R ^ S the functor 
r.F : (C^R), ws) ^ (C^(5), ws); C^S(^rC 
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K^,{S) which fit into a 



KniR, S) ^ Kn{R) KniS) 

Kn+l{S) Kn+y{TT) Kn-l{R,S) 



(ii) For any universal localization J^: R ^ S = ^R 

TKniT) = K„{S), KniJ") = K„^i{R, S), K„{TJ^ = (« ^ 1). 

(iii) For a stably flat universal localization T : R S = T^^R 

TK,{J^) = K,{S), K,+i{J^) = K,{R,S), K,{TJ^) = 0, 
and there is induced a localization exact sequence in the algebraic K-groups 

Kn{R, S) Kn{R) K„{S) Kn-l{R, 5) ^ • • • . 

(iv) For an injective universal localization T : R ^ S = Yl^^R there is defined an 
equivalence of homotopy categories 

D(C*(/?,S),W(R,5)) ~ D{C'{H{R,^)),WHiR,^)) 
inducing isomorphisms 

K^(R,S)^ K^(H(R,T.)). 

(v) For an injective stably flat universal localization T : R S = T,~^R there is 
defined a localization exact sequence in the algebraic K-groups 

K„(H{R, S)) K„{R) K,A^-'R) Kn-i{H{R, S)) ^ • • • 

Proof (i) Immediate from Theorem 5.2 (i) and (ii) applied to &{R) &{S). 
(ii)-(v) See Neeman and Ranicki [30, 31]. □ 
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5.3 Triangular matrix rings 

We refer to Haghany and Varadarajan [23] for the general theory of modules over 
triangular matrix rings, and to Schofield [39], Ranicki [36] and Sheiham [42] for 
previous accounts of the universal localization of triangular matrix rings. 

Proposition 5.7 Let 




be the triangular 2x2 matrix ring defined by rings A i , A2 and an (A 1 , A2) -bimodule B . 

(i) An A-module L = {L\, L2, A) is defined by an Ai -module Li , an A2-module L2 
and an Ai -module morphism A : B (g)^^ L2 — > . As an additive group L = Li © L2 , 
written [[^) , with 

I a\xi + \{b (g>X2)\ 
y a2X2 j ' 

(ii) An A-module morphism (fi 5/2) : {L\ , L2, A) — > {L[ , Lj, A') is defined by an Ai - 
module morphism fi : Li — > L\ , and an A2-module morphism f2 : L2 L'2 such that 
the diagram 

B (g)A, L2 Li 




fx 



B^A2 L'-2^^L\ 



commutes. 



(iii) An A-module L = (Li,L2, A) is f.g. projective if and only if A is injective, 
coker(A) is a f.g. projective Ai -module, and L2 is a f.g. projective A2-module. 

(iv) The projection 

Vroj{A) Vroj(Ai) x Vroj(A2y, L = (Li,L2, A) ^ (coker(A), L2) 
induces isomorphisms 

K^{A) ^ K^iAi) ® K^iA2). 

(v) If an A-module L = (Li , L2, A) is h.d. 1 then 
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(1) the l-dimensional Ai-module chain complex 

K : ^0 ^ B -^^2 — ^ Li 

is such that there exists a quasi-isomorphism ( = homology equivalence) J ^ K 
for a l-dimensional f.g. projective Ai-module chain complex J, and 

(2) L2 is an h.d. 1 A2-module. 

If B is a flat right A2-module the converse also holds: an A-module L is h.d. 1 if and 
only if conditions 1. and 2. are satisfied. 

(vi) The colunms of A are f.g. projective A-modules 

5i = (Ai,0,0), 52 = (S,A2,1) 

with 

Si® 82= A, End(5i) = Ai, End(52) = A2. 

The universal locahzation of A inverting a non-empty subset S C HomA(5'i, 52) is a 
morphism of 2x2 matrix rings 

with C the endomorphism ring of the induced f.g. projective T,~^ A-module 

s-i^i ^ E-152. 

The composite of the functor 

: Mod(A) Modi^-^A); P ^ ^-^P = S^U ®a P 
and the Morita equivalence of categories 

(CC)(8)s-iA- : Mod{T.-^A) Mod{C); 

L = (Li,L2,X) ^ (CQ^^-ij^L 

is the assembly functor 

ModiA) — ^ ModiQ; 
L = (Li,L2, A) I — > (C C) (g)s-iA = (CQ»aL 

■i 



= coker ( I ^ ^ ) : C <^Ai B <^a2 L2 ^ C <^Ai Li ® C <^a2 L2 



Geometry & Topology 10 (2006) 



1836 



Andrew Ranicki and Desmond Sheiham 



with 

K : C (8)Ai B ^ C; X <Si y ^ xy 

the (C,A2)-bimodule morphism defined by multiplication in C, using the Ai -module 
morphism B ^ C. The assembly functor Vroj{A) Vroj{C) induces themorphisms 

S"^ : K^{A) = KM\) © K^iAi) K^{T.-^A) = K^{C). 

(vii) If B and C are fiat A\ -modules and C is a fiat A2-module then the A-module 
( ^ ) has a 1-dimensional fiat A-module resolution 

0^ (o) ^^.c- (''o) ^mC^ {^^^ ^..c^ Q ^0 

so that S^U = (c) ® (c) stably flat. An h.d. 1 A-module L = (Li,L2,X) is 
H-torsion if and only if the C -module morphism 




i^ B (g)A2 L2 — > C (8)Ai Ll © C (g)A2 L2 



is an isomorphism. 



Proof (i) and (ii) Standard. 

(iii) For any A-module L = (Li , L2, A) there is defined an exact sequence 

^ (ker(A), 0, 0) ^ (B (g)^^ L2, ^^2, 1) (^^i , ^2, A) ^ (coker(A), 0, 0) ^ 0. 

Now (Ai,0,0) = ('^' ) and (S,A2, 1) = (Z^) ^-S- projective A-modules, since 

^0^ 



(Ai,0,0)©(S,A2,l)= Ai©S,A2, 



If ker(A) = and coker(A) is a f.g. projective Ai -module then (coker(A),0,0) = 
(Ai , 0, 0)(8)Ai coker(A) is a f.g. projective A-module. If L2 is a f.g. projective A2 -module 
then 

(B (g)A2 ^2,^-2, 1) = (^^^ L2 

is a f.g. projective A-module. Thus if these two conditions are satisfied then the exact 
sequence splits and L is a f.g. projective A-module. 
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Conversely, suppose that (Li , L2, A) is a f.g. projective A-module, so that there exists 
an A-module {L\,L2, A') with an A-module isomorphism 



(Li,L2,A)e(L'i,L^,A')= [{Ai)'eB',{A2f,r] )=A 



k 



for some k ^ 0. It follows from ker(A © A') = that ker(A) = 0, and from 
coker(A © A') = (Aif that coker(A) is a f.g. projective A 1 -module. Also, L2 © = 
(Ai)*^, so that L2 is a f.g. projective A2 -module. 

(iv) The result that the inclusion and projection 

/ = Ai X A2 ^ A, 7 : A ^ Ai X A2 

induce inverse isomorphisms 

KMi X A2) = K^(Ai)(BKM2) KM) 

j* 

was first obtained by Berrick and Keating [6]. Here is a proof using Waldhausen 
A' -theory. It is immediate from ji = 1 that 

jj^ = 1 : /r*(Ai X A2) ^*(A) X A2). 

Every f.g. projective A-module L = (Li,L2, A: B ©^2 ^2 ^1) fits into a natural 
short exact sequence of f.g. projective A-modules 

0^(B©A2L2,L2,1) (Li,L2,A)^(coker(A),0)^0. 
The functors 

Fi : VrojiA) Vroj{A)\ L A ©Ai Ai ©a L = (coker(A), 0), 

F2 : VrojiA) VrojiA); A®aM2®aL = (B ©a^ L2, L2, 1) 
fit into a cofibration sequence 

F2 ^VrojiA) Fi, 

and are such that 

Fk : K,{A) ^ K,{Ak) ^ K,{A) {k = \,2). 

Now apply the additivity theorem for Quillen ^-theory [50, Proposition 1.3.2 (4)] to 
identify 

= Fi + F2 = 1 : KM) KM), 
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SO that , are inverse isomorphisms. 

(v) If L = (Li , L2, A) is an h.d. 1 A-module there exists a 1 -dimensional f.g. projective 
A -module resolution 

{Pi , Pi J) (Gi , (22, 5) {U , L2, A) ^ 0, 

so that cokerl/), coker(g) are f.g. projective Ai -modules and P2, Q2 are f.g. projective 
A2-modules. The 1-dimensional A 1 -module chain complex 

K : ^0 ^ B (E)A2 L2 Li 

and the 1-dimensional f.g. projective A 1 -module chain complex 

J: Ji = cokeri/) > Jq = coker(g) 

are related by a homology equivalence J K. Furthermore, L2 = coker(/z2) is an 
h.d. 1 A2-module. Thus both conditions 1. and 2. are satisfied. 

Conversely, suppose that B is a flat right A2 -module and that L = (Li,L2, A) is an 
A-module such that there exists a homology equivalence J K with / a 1-dimensional 
f.g. projective A 1 -module chain complex and that L2 is an h.d. 1 A2 -module with a 
1-dimensional f.g. projective A2-module resolution 

^ P2 ^ 22 ^ L2 ^ 0. 

There is induced a short exact sequence of A 1 -modules 

0^B^A2P2^B Qi^B L2^0 

and it follows from the 1-dimensional f.g. projective A-module resolution of L 

^ (B P2, P2, 1) © (/i, 0, 0) ^ (B Q2, Q2, 1) © (Jo, 0, 0) ^ L ^ 
that L is an h.d. 1 A-module. 

(vi) and(vii) See [36, 2.2]. □ 
We shall actually be working with (/i + 1) x (/i+l)-matrix rings: 

Definition 5.8 For any ring A and fi ^ I define the triangular 1) x (/i+l)-matrix 
ring 

/a AeA AeA ... AeA\ 

... 
A ... . 

... A J 
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The ring T^{A) is the A-coefficient path algebra of the quiver with vertices 0, 1, . . . , 

and two arrows sf, s]~ : / ^ for / = 1, 2, . . . , ^. A (A) -module L = (LiJj^J^) 
consists of A -modules Lo,Li, . . . and A -module morphisms fi^,fi~ '■ Li —> Lq 
(1 ^ i^fi). 

Let 5o, Si , . . . , 5^ be the r^(A)-modules defined by the columns of r^(A) , so that 
5o = (A,0,...,0;0,...,0), 

5, = (AeA,0,...,0,A,0,...,0;0,...,0,id.,0,...,0) (1 ^ j ^ n). 
It follows from 

5o e 5i e • • • e 5^ = r^(A) 

that each S,- is a f.g. projective r^(A)-module. Let a = {s'i',sj'} be the set of 
f.g. projective rju(A)-module morphisms 

st = ((1 0),0, ... ,0), sr = ((0 1),0, . . . ,0): 5,- ^ 5o (1 < i ^ /x). 

Proposition 5.9 (i) The universal a -inverting localization of T^(A) is given by the 
inclusion 

T: T^{A) ^ a-'T^{A) = M^+,(A[F^A) 

with Mju+i(A[F^]) the ring of all (// + 1) x {ijL+ I) -matrices with entries in A[F^] . The 
universal localization T is both injective and stably flat. 

(ii) The composite 

ModiT^iA)) -^^ModiM^+iiA[F^])) J^^^ ModiA[F^]) 
sends a T^iA) -module L = {LiJ^ ,ff) to the assembly A[F ^^\-module 

M = coker((f+zi-/f .../+z^-/-): 0L,[F^] ^ Lo[F^]) • 

; = 1 

(iii) A T^{A)-module L = (LiJ^Jf) is f.g. projective if and only if Lq, . . . are 
f.g. projective A-modules and the A-module morphism 

{ft /r fi fi ■■■ fii) - ®u®u^Lo 

1=1 

is a split injection. The projection 

VrojiT^iA)) ^ II VrojiA); iUJ^Jr') ^ i^oMM, ---^L^) 
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induces isomorphisms in algebraic K -theory 

(iv) A Tfj,(A) -module L = (Li,f[^ ,fj~) is h.d. 1 a -torsion if and only if Lq, . . . ,Lfj_ 
are f.g. projective A-modules and the A[Ffj] -module morphism 

{ftzi-f^ f^Z2-f2 ••• f^^z^-f^:)■ ®LAF,]^Lo[F,] 

i=l 

is an isomorphism. A f.g. projective Seifert A-module {P, e, {vr,}) is primitive if and 
only if (P, Pi,fj^ ,fj^) is an h.d. 1 a-torsion Tfi{A) -module. The functor 

Vrim{A) ^ H{T^{A),ay, {P,e, {vr,-}) ^ {P,Pi,e7ri,{e - l)7r,-) 

is an equivalence of exact categories, so that 

Prim,(A) = ^,(//(r^(A),a)). 

The forgetful functor 

Vrim{A) fJProjXA); 

(defined using Theorem 4.9) is split by 

HVrojiA) ^ VrimiA); (PI, P^, . . . ,P+,P^) ^ (P+ ©p-,0, {vr^+j © {vrr}). 

2fj, 

The reduced K-groups defined by 

Prim, (A) = ker(Prim*(A) ^ 0/:*(A)) 

21, 

are such that 

K^(H{T^{A), a)) = Prim,(A) = ^K^{A) © Prim,(A). 

2fi 

Proof The universal localization T^{A) is the (^+ 1 ) x (//+ l)-matrix ring 1 (P) 
with P the endomorphism ring of the induced f.g. projective a~^T^{A)-module a~^So, 
and there is defined an isomorphism 

A[F^J ^P; zi^s+isr)-'. 
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The remaining parts are given by Proposition 5.7, viewing the I) x 1) matrix 
ring Tfj_(A) as a triangular 2x2 matrix ring 



TJA) 




with 



A, 



A2 



/a 

A 







B 



A ©A 



A©A 



such that 



\0 ... A J 

ModiA2) = YlMod(A). 



An A2-moduIe is just a ^u-tuple (Li,L2, . . . ,L^) of A-moduIes. By the 2x2 theory 
a r^(A)-module L just a (//+l)-tuple (Lo, Li , . . . , L^) of A-moduIes, together with 
A-module morphisms f,^,fi~ : L, — > Lq (1 ^ i ^ /u). Note that B is a flat right 
A2-module, and that for an h.d. 1 o" -torsion r^(A)-module L = (Li,ff^,fj~) each 
(0 ^ / ^ /i) is a f.g. projective A-moduIe, by the following argument. The necessary 
and sufficient conditions of Proposition 5.7 (v) and (vii) for a r^(A)-module L to be 
h.d. 1 (7 -torsion are: 



(i) there exists a 1-dimensional f.g. projective A-module chain complex J : Ji 
with a homology equivalence 



^0 



■Jo 



Jl 



!=1 

(ii) each L,- (1 ^ / ^ /i) is an h.d. 1 A-module, 

(iii) the A[/^^]-module morphism 



(fi-^Zi -fn ■ LAF^] ^ Lo[F^] 



(=1 



is an isomorphism. 
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If L satisfies these conditions there is defined a commutative diagram of A -modules 

^^ (_\ ) (11)'' 
^ © A- © A- e Li 0L,- ^ 

1=1 1=1 1=1 



^Lo ^ ^Lq ^0 ^0 

with exact rows and with (f^ ~fi~) ^ isomorphism. There are defined A-module 
isomorphisms 

70 0^0= Jo®^Li= Ji, 
1=1 

so that each L,- (0 ^ / ^ /x) is a f.g. projective A-module. □ 

Example 5.10 The assembly of A [F^] -modules is an algebraic analogue of the 
geometric construction of an -cover W of a space W from a fundamental domain 
U CW. The subspaces 

Vi = un zi^u, ZiVi = ZiUnucu (i^i^ /x) 

are disjoint, with embeddings 

f,^ : Vi^U; xt-^ X, ff : Vf^U; xt-^ ztx (1 ^ ? ^ ji), 
and W can be constructed by glueing together copies of U 

W = {F^x U)/{{gJi^{x)) ~ {gZiJrix)) I g G F^,x e Vi, l^i^ii} 

= [J gU with Unzr^U=Vi. 

Such a situation arises if W is a manifold with a surjection 7ri(W) — > F^, eg a boundary 
link exterior. The surjection is induced by a map 

c: W-^BFf, = \/s^ 

which is transverse regular at {1,2, . . . , jj} C fiF^ . Cutting W open at the inverse image 
codimension-1 submanifolds V, = c'~^({i}) C W there is obtained a fundamental 
domain U C W for the puUback W = c*EFn to W of the universal cover EF/^ 
of BF^. More generally, suppose that T¥ is a finite CW complex with an F^- 
cover W, and that U C W is a fundamental domain which is a subcomplex. The 
embeddings ,fj~ : Vi U induce inclusions of the cellular f.g. free Z-module 
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chain complexes ^+ : C(Vi) C(U). The f.g. projective r^(Z)-module chain 
complex C = iC{U), C(Vi),fi^ ,fj^) has assembly the cellular f.g. free Z[F^]-module 
chain complex of W 

coker ((f+zi -/f . . . -fp: C(V,)[F^] ^ C([/)[F^]] = C(W), 

such that 

C{W)r = coker .../+): C(VO. ^ at/),") [F^]. 

^ i=i ^ 

Theorem 5.11 The algebraic K-groups of A[F^] split as 

KMIF^]) = K,{A) e 0/:*-i(A) © Priin,_i(A). 

Proof By Proposition 5.9 the universal localization 

is injective and stably flat. The noncommutative localization exact sequence of Neeman 
andRanicki [30, 31] 

> Kn+i{a-^Tf,{A)) Kn{H(Tf,(A), a)) 



Kn{TJA))^Kn{a-'TJA)) 



is given by 



K,+mF^A) ^ Prim„(A) ^ 0/:„(A) ^ Kn{A[F^]) 

At+l 



with Prim„(A) ^ ^:„(r^(A)) = Kn{A) induced by 

Vrim{A)^\{Vro3{Ay, (P, e, {vr,-}) ^ (P, Pi,P2, . . . , P^,), 

SO that 

Prim„(A) = 0/:„(A) © Prim„(A) ^ 0/:„(A); 

2^ 



(Xj , Xj , X2 , ^2 , . . . , , , X) 

I > ^ C-^; ~l" -"C,- ), X^ + Xj , X2 + X2 , . . . , X^ + X^ ^ . 

i=l 

This completes the proof. □ 



Qeometry & Topology 10 (2006) 



1844 



Andrew Ranicki and Desmond Sheiham 



Definition 5.12 Let Q : A[F^] S~^A[Fjn] be the universal localization inverting 
the set S of morphisms of f.g. projective A [F^] -modules which induce an isomorphism 
of f.g. projective A-modules under the augmentation e : A[F^^ — > A; z, i— > 1 . 

Proposition 5.13 (i) The universal localization Q : A[Ffj\ ^ Y^~^A{Fij] is injective. 
Theh.d. I Y,-torsion A{F ^^-module category is 

//(A[F^],E) = H/a(A). 

(ii) The composite 

GT: T^{A) ^ cj-'T^{A) = M^+i(A[F^]) r'^T^iA) = M^+i(E-U[F^]) 

is the universal localization inverting the set r of morphisms of fg. projective r^(A)- 
modules which become isomorphisms under the composite 

eT: T^{A) a-%iA) = M^+i(A[F^]) ^-M^+i(A). 

(iii) A Tfj^(A) -module L = {Li,f^ ,f^) is h.d. I r-torsion if and only if Lq, . . . 
are f.g. projective A-modules and the A-module morphism 

f={ft-fi fi-fi ■■■ f+-f-): L,®L2®---®L^^Lo 
is an isomorphism, if and only if 

(P,e, {m}) = (0L,-,r • • • 0, {TTi}) 

i=i 

is a f.g. projective Seifert A-module. The functor 

SeiiA) ^ HiT^iA), r); (P, e, {tt,}) ^ (P, Pi, em, (e - l)7r,) 

is an equivalence of exact categories. The assembly of {Li,f^ ,ff) is the covering 
Blmchheld A[F^] -module of (P, e, {tt,}) 

coker ((f +Z1 -/f . . . f+z^ -fp : L^F^] ^ Lo[F^]) 

i=i 

= coker {l-e + ze: ^ = e, {tt,}), 

so that up to equivalence 

r = B : H{T^{A), r) = Sei{A) ^ //(M^+i(A[F^]), r) = Bla{A). 

(iv) The forgetful functor 

SeiiA) ^ J] VrojiA); (P, e, {tt,}) ^ (Pi, P2, • • • , P^) 



Geometry & Topology 10 (2006) 



Blanchfield and Seifert algebra 



1845 



is split by 

Y[Vroj(A) ^ VrimiA); {PuPi, ..■,P^)^ (0^mO> {^'I) 

^J. i=i 

The reduced K-groups defined by 

Sd,(A) = ker(^Sei,(A) ^ 0/<:*(A)) 

are such that 

K,{H{T^{A),T)) = Sei,(A) = 0ii:.(A) © Sd,(A). 

Proof (i) The Magnus-Fox embedding A[F^] — > A{{xi, . . . ,x^j)) is S -inverting, so 
that there is a unique factorization 

A[F^] ^ ^ A((xi,^2, . . . 

The identification H(A[F^],T,) = Bla(A) is a formality, as is the identification 
VrojiAlF^]) = ViVrojAiAlFf,])) with VrojAiAlF^]) C Proj(A[F^]) the full subcate- 
gory with objects isomorphic to the f.g. projective A [F^] -modules P[F^] induced from 
f.g. projective A-modules P. 

(ii)-(iv) By construction, working as in the proof of Proposition 5.9 (iv) to show 
that if L = {Li,fj^,fj~) is an h.d. 1 r-torsion r^(A)-module then Lo,Li, . . . are 
f.g. projective A-modules. □ 

Theorem 5.14 (i) The algebraic K-groups of Vrim{A), Sei{A) and Bla{A) fit into 
a commutative braid of exact sequences 




Sei„(A) K,{A[F^,]) 




TKn+iiG) Bla„(A) Prim„_i(A) 
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for n G Z, with Q : A[F^] S~^A[F^] the universal localization and 

K^{H{T^{A), a)) = (Sei,Bla)*(A) = Prim*(A) = 0^:*(A) © Prim*(A), 

K^mT^iA), t)) = Sei*(A) = 0^*(A) Sei*(A), 



K^mA{F^,^, S)) = Bla,(A) = K^-i{A) © Bla*(A), 

r*:*(g) = *:*(A) © Sei*_i(A) (= *:*(s-ia[f^]) for * ^ i) 

The reduced K -groups 6t into a long exact sequence 

> Prim„(A) Sei„(A) BhiniA) Prim„_i(A) ^ • • • . 

(ii) If g : A[f ^] ^ £-^[7^^] is staWy /iat then 

VKniG) = Kn{T.-^A[F^-\) = Kn{A) © Sd„_i(A) 

for aJ J n G Z . 

Proof (i) Consider the commutative square of Waldhausen categories 

(C\T^{A)), WT.iA)) > (C^(r^(A)), 

(C*(r^(A)),w,-:r,(^))^(C^(a-ir^(A)),w,-ij-^(^)). 

Since T^{A) a^^T^iA) = M^+i(A[F^]) is stably flat there are defined equiva- 
lences 

(C^r^(A)),w^-ir^(^)) « (C\a-%(A)),w^-iT^^^^) ^ (C\A[F^]),WAiF,^) 
which induce homotopy equivalences 

KV{C'\T^{A)),w^-^r,(A)) - K{a-'T^{A)) ~ K{A{F^\). 
Also, since r-^T^CA) = M^+i(S-U[F^]) the functor 

(C^r^(A)),w,-i7.^(^)) ^ (C^(7-ir^(A)),w,-i7.^(^)) 
induces an equivalence of the homotopy categories 

D{C\t^{A)),w^-,j^^j,)) « (CV"'r^(A),w^-,r^(^)). 
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The composite of this equivalence and the Morita equivalence 

induces a homotopy equivalence 

KnC'\a-%{A)),w,-,T^^A)) - KnC\A[F^]),wj,^,A[F,]) 

= TK(g: A[F^]^^-'A[F^]). 
Thus Propositions 5.6, 5.9 and 5.13 give a braid of Waldhausen categories 



(CiT^iA), a), W^T,(A),a)) (C'iT^iA)), WT,iA)XC\A[F^]), W2-1a[Fj) 



(CiT^iA), r), w^T,(A),r)) iC'{A[F^]), waif,]) 



(C^A[F^],S),wc.(A[F,],s)) 
inducing a commutative braid of exact sequences 



Kn{H{TJA\a)) 



KniTJA)) 



K„{H{TJA),T)) 



Kn{A[F.]) 



KniHiA[F.] , S)) Kn- 1 (HiTJA), a)) 



Split off the reduced A' -groups in 

Prim* (A) = K^{A) e Prim* (A), 

Sei*(A) = K^iA) e Sd*(A) 

from the long exact sequence 

> Prim„(A) ^ Sei„(A) ^ Bla„(A) ^ Prim„„i(A) 

to define the reduced -groups in 

Bla*(A) = 0^*_i(A) e Bfa^CA) 
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and to obtain the long exact sequence 

> Prim„(A) Sei„(A) Bla„(A) Prim„_i(A) ^ • • • . 

(ii) This is a special case of Proposition 5.6 (ii). □ 

This completes the proofs of Theorems D and E of the Introduction. 

Remark 5.15 Unfortunately, we do not know if the universal localization S~^A[7^^] 
is stably flat in general. See Dicks and Sontag [11], Farber and Vogel [16] for proofs 
that S^'A[F^] is stably flat when A is a principal ideal domain, and Ara and Dicks [1, 
Theorem 4.4] when A is a von Neumann regular ring or a commutative Bezout domain. 

Remark 5.16 Sheiham [40] computed 

^i(S-U[F^]) = Ki{A) © e^\\)/C 

with es : i;~^A[f ^] A the factorization of the augmentation map e : A[F^] — > A 
and C C e^^l) the subgroup generated by the commutators 

{\ + ab){\ + ba)-^ {a,b£ S~U[F^], e{ab) = e{ba) = 0). 

It follows from the splitting given by Theorem 5.14 (i) 

Ki{Y.-^A[F^]) = Ki{A) © Sdo(A) 

that there is defined an isomorphism 

Sdo(A) ^ e^\\)/C; {P,e,{T:i]) ^ D{\ - e + ez: PVF^]^PVF^]) 
with D the generalized Dieudonne noncommutative determinant of [40, 4.3]. 

Example 5.17 (i) The algebraic ^-groups of 'L{F^] are such that 

K,{Z[F^]) = K,{Z) © 0/:,,i(Z), 

'Z if?i = 
^0 ifn^-1 

by Stallings [44], Gersten [19], Bass [4, XII] and Waldhausen [49, 48], so fliat 

nk(Z) = Bla(Z), Prim*(Z) = 0, 
K^+ii^-^Z[F^])/K^+iiZ) = Sd,(Z) = FUi*(Z) = Bla*(Z), 
K,{H{Z[F^], S)) = 0/:,_i(Z) © Sd,(Z), 

Kn{HiZ[F^] , S)) = Sd„(Z) (« ^ 0) . 
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(ii) Given a /i -component boundary link i : |J^ S" C 5"+^ with exterior W and 
given a /x-component Seifert surface V = U V2 U . . . U C 5"+^ for i let 
C(W), (C{V), e, {vr,}) be the chain complexes defined in Example 3.13. Thus C(W) 
is a S~^Z[F^]-acyclic (n+2)-dimensional f.g. free Z[F^]-module chain complex, 
(C(V), e, {vr;}) is an (n+l)-dimensional chain complex in 5ei(Z), and B{C{V), e, {vr,}) 
is an (m+1) -dimensional chain complex in J^lk{'L) with a homology equivalence 
C{W) B{C{V), e, {vr,}). The torsion 

n+l 

= (C(V), e, {TTi}) = Y^(-y{C,(V), e, {vr,-}) = [C{W)] 

e K,{^-'Z[F^])/Ky{Z) = Ko{H{Z[F^], S)) = Sdo(Z) = Blao(Z) 

is an isotopy invariant of i, given by Sheiham [40] to be the generalized Dieudonne 
determinant 

m = Y^{-yD{\ -e + ez: C.(V)[F^] ^ Cr{V)[F^]) G Sdo(Z) = e^\l)/C 

r=0 

with es : T.-^Z[F^] ^ Z and C C e^^l) as recalled in Remark 5.16. The Z[F^]- 
modules //,.(W)/Z-torsion (0^r^« + l) are h.d. 1 F^-link modules, and 

«+i 

r{i) = Y^i-YDil -e + ez: H,{V)[F^] ^ H,{V)[F^]) 

r=0 
n+l 

= ^(-)''[7/,-(W)/Z-torsion] 

r=0 

G ^i(S-'Z[F^])/^i(Z) = Ko{H{Z[F^^, S)) 

= Sdo(Z) = Blao(Z) = (S-'Z[F^])7{±1}. 

For ^ = 1 this is just the Reidemeister torsion of a knot i: S" C 5"+^ , which is the 
alternating product of the Alexander polynomials 

r{i) = "e (-)''det(l -e + ez: H,{V)[z, z-'] ^ Hr{V)[z, z.-']) 

r=0 

n+l _ 

= E(-)''[^r(W')/Z-torsion] 

r=0 

G Kii^^Z[z,z-'])/Ky{Z)=^{H{Z[z,z-'],^)) 

= Seio(Z) = Blao(Z) = Endo(Z) = {^-^Z[z,z-^]y /{±l} 
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(Milnor [29], cf [33, Example 17.11]). 

(iii) The isotopy classes of simple -component boundary links £ : |J^ S^^^ ^ C 5^'^^+^ 
for q ^ 3 are in one-one correspondence with the ' /-equivalence classes of Seifert 
matrices' (Liang [27], generalizing the case = I due to Levine [25]), and also with 
the '/? -equivalence classes of (— )*-symmetric isometry structures of multiplicity /i' 
(Farber [15, 4.7]). For simple i Hq{W) is an h.d. 1 F^-link module, and the torsion 

r{£) = {-J'lH.iW)] £ Sdo(Z) = Flko(Z) = Blao(Z) 

is just the -theory part of these complete isotopy invariants for g ^ 3. 
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